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Resumo
A propagação de ondas mecânicas em cristais fonônicos e metamateriais tem sido
extensivamente investigada para atenuação de ruídos e vibrações, e para manipulação de ondas
(e.g., focalização de energia, guia de ondas, colheta de energia e invisibilidade). Apoiado e
inspirado por estas extraordinárias potencialidades, esta tese investiga a propagação de ondas e
o comportamento dinâmico de estruturas periódicas rotativas, metamateriais com ressonadores
interconectados, e metaestruturas com variabilidade espacialmente correlacionada. Primeiro,
os métodos dos elementos espectrais (SE) e dos elementos finitos de onda (WFE) são aplicados
em estruturas rotativas periódicas, onde o efeito giroscópico quebra a simetria do tempo
reverso, e, consequentemente, a simetria da propagação de ondas. A aceleração de Coriolis
produz um diagrama de bandas assimétrico e causa que os modos naturais de vibração
bifurquem. Estas características foram usadas para propor um circulador mecânico para ondas
elásticas. Do ponto de vista numérico, a estratégia de WFE é proposta, onde o problema de
autovalor da estrutura rotativa é projetado em uma base de ondas simplética, bem condicionada
e reduzida. Esta formulação também pode ser usada em análise paramétrica, como no cálculo
do diagrama de Campbell, bem como em análise de incertezas de estruturas periódicas com
um baixo custo computacional. Um metamaterial com ressonadores interconectados é então
proposto. Nesta configuração, os movimentos de translação e rotação na cadeia de ressonadores
estão acoplados, o que abre uma larga banda proibida em baixas frequências sem aumentar
a massa dos ressonadores. Este mecanismo é validado com medidas experimentais feitas em
amostras construídas em manufatura aditiva. Para o caso bidimensional, que é uma placa com
ressonadores interconectados, a vibração de flexão pode ser focalizada em direções específicas
usando bandas proibidas parciais. Finalmente, são analisados os efeitos físicos da variabilidade
espacial das propriedades elásticas na resposta dinâmica de vigas de cristais fonônicos e
metamateriais. É observado uma alta correlação entre a distribuição espacial das propriedades
do material com a performance das bandas proibidas tanto no modelo númerico quanto nos
experimentos. Além do mais, a disordem produz alargamento ou aniquilição da largura da
banda de atenuação, e o fenômeno de aprisionamento de ondas. Os resultados e as análises
apresentadas nesta tese podem ser extendidos para outros sistemas periódicos e podem ser
usados: I) do ponto de vista físico para atenuação de vibrações (e.g., dinâmica de rotores e
estruturas leves) e para manipulação de ondas (e.g., guias de onda não recíprocos, focalização
de energia e aprisionamento de ondas); II) do ponto de visa numérico, para reduzir tempo
computacional em análises paramétricas e de incertezas de estruturas periódicas; e III) do ponto
de vista experimental, para investigar estruturas periódicas construídas em impressoras 3D.
Abstract
The mechanical wave propagation in phononic crystals and metamaterials has been exten-
sively investigated for noise and vibration attenuation, and for wave manipulation (e.g., energy
focalization, guiding, harvesting and cloaking). Based upon and inspired by these extraordinary
potentialities, this thesis investigates the wave propagation and dynamic behavior of rotating
periodic structures, metamaterials with interconnected resonators, and metastructures with spa-
tially correlated variability. First, the spectral element (SE) and wave finite element (WFE)
methods are applied to rotating periodic structures, where the gyroscopic effect breaks the
time-reversal symmetry, and, hence, the wave propagation symmetry. The Coriolis accelera-
tion makes the band structure asymmetric and cause the natural vibration modes to split. These
features are used to propose a mechanical circulator for elastic waves. From the numerical point
of view, a WFE strategy is proposed, where the eigenvalue problem of the rotating structure is
projected on a reduced, symplectic and well-conditioned wave basis. This approach can also be
used for parametric analyses, such as Campbell diagram computations, as well as for uncertainty
analyses of periodic structures with low computational cost. A metamaterial with interconnected
resonators is then proposed. In this configuration, the translational and rotational motion of the
resonator chain are coupled, which leads to a wide band gap at low frequency, without increas-
ing the resonator mass. This mechanism is validated with experimental measurements on sam-
ples printed out using additive manufacturing. For the two-dimensional configuration, which is
a plate with interconnected resonators, the flexural vibration can be localized in specific direc-
tions by using partial band gaps. Finally, the physical effects of spatial variability of the elastic
properties in the dynamic response of phononic and metamaterial beams are analyzed. A high
correlation between the spatial material distributions and the band gap performance is observed
in both numerical and experimental models. In addition, the disorder can promote the widening
or annihilation of the attenuation bandwidth and the wave trapping phenomenon. The results
and analyses presented in this thesis can be extended to other periodic systems and can be used:
I) from the physical point of view for vibration attenuation (e.g., rotordynamics and light struc-
tures) and for wave manipulation (e.g., nonreciprocal waveguiding, energy focalization, and
wave trapping); II) from the numerical point of view, to save computational time in parametric
and uncertainty analysis of periodic systems; and III) from the experimental point of view, to
investigate periodic structures constructed by 3D printing.
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This thesis is organized as a collection of scientific papers, where each chapter corre-
sponds to one paper. A common introduction and conclusion are given in the first and last
chapters, respectively. This chapter presents a brief motivation as well as a general literature
review of the historical origins of mechanical wave propagation, attenuation and manipulation
of sound and vibration, and wave-based analysis methods. Besides, a more specific literature
review is provided in the introduction of each chapter. The differences in the band structure
and dynamic response of phononic crystals and metamaterials are pointed out and compared to
homogeneous case. Finally, the objectives and the organization of the thesis are also presented.
1.1 Motivation
The mechanical wave propagation in periodic media has been extensively investigated be-
cause of its wide range of potential applications, for example in noise and vibration attenuation,
energy localization and harvesting, acoustic cloaking, seismic shield, acoustic diode, as well as
mechanical topological insulators for superior wave manipulation (Brillouin, 1953; Mead, 1996;
Fok et al., 2008; Lu et al., 2009; Thomas, 2009; Li, 2010; Pennec et al., 2010; Maldovan, 2013;
Deymier, 2013; Hussein et al., 2014; Christensen et al., 2015; Cummer et al., 2016; Ma and
Sheng, 2016; Wu et al., 2018).
The band gap, which is the region on the frequency spectrum where waves cannot prop-
agate, is a characteristic of periodic structures that has made these applications possible (Bril-
louin, 1953; Kittel, 1986). In general, the band gaps can be created by two configurations:
phononic crystals and elastic/acoustic metamaterials. In phononic crystals, the band gap is
opened by destructive interference of incident and reflected waves inside the unit cell (i.e., the
smallest part of a structure that constitutes the repeating pattern), the so-called Bragg scatter-
ing phenomenon, which appears due to the periodic arrangement of unit cells with contrast of
geometry and/or material properties (Sigalas and Economou, 1992). In locally resonant meta-
materials, inclusions present local resonances which absorb the energy from the host structure
producing negative dynamic mass or/and stiffness. They are called metamaterials because such
behavior is not found in nature, with homogeneous materials. In contrast with the phononic
crystals, the band gaps due to the local resonance mechanism is independent from the unit cell
dimensions (Liu et al., 2000b) and allows subwavelength design, i.e., these metamaterials can
be designed to exhibit band gaps at low frequencies, where the majority of mechanical engi-
neering problems occur.
The success of metamaterials renewed the interest in wave propagation analyses in the
last decades among a broad range of subjects, from condensed matter physics to vibrations and
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acoustic. Therefore, the wave propagation in periodic structures is a rich and dynamic research
area with a wide range of open topics that have high potential to solve old engineering prob-
lems, to create new technologies and to promote societal impact. Based upon and inspired by
these extraordinary potentialities, this thesis investigates the wave propagation and dynamic
behavior of rotating periodic structures, metamaterials with interconnected resonators, and pe-




The mechanical wave propagation studies in periodic structures were initiated by Isaac
Newton in 1686. Newton assumed that acoustic waves propagating in air were of the same type
of elastic waves propagating in a one-dimensional homogeneous periodic lattice composed of
masses connected by springs. By using this analogy, the analytical equation for the speed of
sound was derived. After Newton, other researches – such as J. Bernoulli, D. Bernoulli, Taylor,
Euler, Lagrange, Fourier and Cauchy – contributed with studies in wave propagation.
In 1841, Baden-Powell wrongly computed the band structure of a homogeneous lattice
system. It was Kelvin in 1881 that correctly computed the dispersion (angular frequency vs
reciprocal lattice) for the problem considered by Baden-Powell (see Fig. 1.1 case I) (Bril-
louin, 1953). Kelvin also provided a deep analysis of the band structure with phase velocity,
wave attenuation and the discovery of the cutoff frequency due to sampling. After that, Kelvin
also investigated a complex lattice composed of small masses connected by springs to large
masses (see Fig. 1.1 case II) finding a band gap without relation to the unit cell length. In 1898,
Vicent built a mechanical filter by using the concept developed by Kelvin (Brillouin, 1953).
In 1912, Born and Kárman studied the wave propagation in a NaCl crystal lattice by
using a model where small and large masses alternated periodically (phononic crystal con-
cept, see Fig. 1.1 case III), and a distinction between acoustic (in-phase vibration) and optical
(out-off-phase vibration) branches was given (Born and Huang, 1954). This historical origin
of wave propagation in periodic lattices was traced in more detail from the physical point of
view by Brillouin (1953) and from the mathematical point of view by Poulton et al. (2000) and
Silva (2015).
From 1950 to 1990, periodic structures were used basically, in engineering, to model
rails (shown in Fig. 1.2(a) to illustrate a waveguide), composite materials, aircraft fuselages
that present stiffener ribs, bridges, building foundations, and turbines (Hussein et al., 2014).
In 1987, the photonic crystal term was proposed independently by Yablonovitch (1987) and
John (1987) to describe the electromagnetic wave propagation in dielectric periodic structures




Figure 1.1: Lattice models and the correspondent band structures extracted from Bril-
louin (1953): Baden-Powell’s model (i.e., uniform lattice) (I), Kelvin’s model (i.e., uniform
lattice with masses attached periodically) (II) and Born’s model (i.e., NaCl crystal lattice) (III).
Legend: (a) lattice models and (b) their correspondent band structure.
a crystalline lattice (Born’s work, Fig. 1.1 case III). In these synthetic structures, the inclusions
and the host matrix had a contrast of electromagnetic properties. The term has arisen in the
electromagnetic field and was adopted by the researchers of elastic and acoustic waves. Thus,
the phononic crystal term appears to describe the mechanical wave propagation in synthetic
periodic structures with contrast of mass or stiffness between the inclusions and the host matrix.
In 1992, Sigalas and Economou studied the mechanical wave propagation in a model sim-
ilar to the model proposed by Born in 1912, and computed the elastic-acoustic band structure
(Sigalas and Economou, 1992) by using continuous equations and the plane wave expansion
(PWE) method. In addition, they proposed an artificial periodic media and related their results
to condensed matter physics. Their work is considered an important landmark by the commu-
nity of mechanical wave propagation. Inspired by the Eusébio Sempère sculpture shown in Fig.
1.2(b) and Sigalas and Economou’s work, Franciso Meseguer and co-authors performed ex-
periments in phononic crystals in 1995, but they didn’t obtain a clear band gap (Martinez-Sala
et al., 1995). It was in 1998 that a clear acoustic band gap was experimentally measured in a
research laboratory by the same authors (Sánchez-Pérez et al., 1998).
In the beginning of the 2000’s, another important landmark was established in the me-
chanical wave propagation community by Liu and co-authors who investigated numerically and
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(a) (b) (c)
Figure 1.2: Example of waveguide or homogeneous periodic structure (a), Eusébio-Sampère
sculpture exemplifying a phononic crystal (Thomas, 2009) (b) and the mechanical metamaterial
designed by Liu et al. (2000b) (c).
experimentally the artificial periodic model presented in Fig. 1.2 (c). In their work, a poly-
meric matrix with metal inclusions opened a band gap at frequencies below the spectrum zone
predicted by the Bragg scattering (Liu et al., 2000b). They follow the same lattice concept pro-
posed by Kelvin in 1881. Thus, the metamaterial term for these artificially designed phononic
crystals was proposed because they exhibited unconventional properties such as band gaps at
low frequencies (bellow the Bragg reflection) as well as negative dynamic mass, negative dy-
namic stiffness and/or negative refractive index. While the negative dynamic mass is associated
with the monopolar resonance, as described in their example, the negative dynamic stiffness is
related to dipolar resonance, i.e., with several springs connected to the resonator mass (Li and
Chan, 2004).
After some years of research, nowadays the metamaterial term is usually employed to
designate rationally designed and tailored artificial materials with physical characteristics that
is not found in nature and with the local resonance as its key feature; in addition, they are not
necessarily periodic (Hussein et al., 2014; Christensen et al., 2015; Cummer et al., 2016; Ma
and Sheng, 2016). The wave propagation studies had already significant importance before the
2000’s; however, after the metamaterial term was introduced with its relations to condensed
matter physics, with unusual physics explanations and potential applications, the research in-
vestigations in mechanical wave propagation boomed and branched out in many directions.
Therefore, the literature review in the next section is related only to the topics developed in this
thesis.
1.2.2 Attenuation and manipulation of sound and vibration waves
After the proposal of the phononic crystal and mechanical metamaterial concepts, as well
as their relation to condensed matter physics, analytical, numerical and experimental studies
in the area have grown up, showing their potential to solve or to improve engineering solu-
tions such as the attenuation of noise and vibration by using passive configurations (Kushwaha
et al., 1993; Mon, 1995; Kushwaha, 1997; Liu et al., 2000a; Vasseur et al., 2001; Goffaux and
Sánchez-Dehesa, 2003; Li and Chan, 2004; Liu et al., 2005 Hu et al., 2005; Fang et al., 2006).
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However, the classical phononic crystal and metamaterial solutions are few efficient for
sound and vibration attenuation because the most engineering problems in mechanics happen
at low frequency, which is usually a prohibitive frequency range for phononic crystals, as a
high relation between inclusions mass and host matrix mass is needed to open wide attenuation
bandwidth in metamaterials (Bigoni et al., 2013; Baravelli and Ruzzene, 2013). Increasing the
structure mass is inappropriate because of the costs with material and energy. The search for
more efficient solutions led to the design of chiral configurations (Spadoni et al., 2009; Tee
et al., 2010; Liu et al., 2011a; Zhu et al., 2014), see Fig. 1.3(a), where band gaps due to negative
dynamic mass and stiffness can be tuned at the same frequency to increase the attenuation
bandwidth (Liu et al., 2011b); moreover, its geometry enables inertia translation and rotation,
which absorbs more mechanical energy from the host matrix.
Moreover, the inertial amplification metamaterials have shown significant results in ab-
sorbing acoustic radiation and vibration at low frequencies. Instead of local resonators, they
use the rigid body motion of small masses as a vehicle suspension connected in several points
of the host structure as in Fig. 1.3(b) (Yilmaz et al., 2007; Acar and Yilmaz, 2013; Frandsen
et al., 2016; Foehr et al., 2018). The details about the Bragg scattering-local resonance transi-
tion can be consulted in Liu and Hussein (2011), and the differences between the three band gap
mechanisms (Bragg scattering, local resonance and inertial amplification) in Foehr et al. (2018).
Recently, another solution under development consists of superposing local resonance
and Bragg effects through geometric parameters, creating tuned large band gaps in metastruc-
tures. This concept, which is presented in Fig. 1.3(c), can be applied in rockets for sound and
vibration attenuation caused by acoustic excitation because they are light, resistant and absorb
waves (Matlack et al., 2016). The metastructures, which are finite metamaterials, have also
been explored by using resonator distributions without periodicity, but with organization in unit
cells in order to create a large and efficienty attenuation on desired modal frequencies (Sugino
et al., 2016; Sugino et al., 2017). This idea follows the concept of disorder in quasiperiodic
structures, which is illustrates in Fig. 1.3(d), to increase the bandwidth attenuation and also
have interesting effects on wave manipulation (Celli and Gonella, 2017).
Other solutions to improve the attenuation bandwidth of the band gaps without added
mass are unit cell optimization (see Fig. 1.3(e)) specially for phononic crystals (Sigmund and
Søndergaard Jensen, 2003; Hussein et al., 2007; Dong et al., 2014), and hierarchic periodic
structures (see Fig. 1.3(f)) (Fratzl and Weinkamer, 2007; Zhang and To, 2013; Lim et al., 2015;
Miniaci et al., 2017).
Because of the search for better unit cell configurations, solutions were discovered that
present interesting physical effects to manipulate waves, such polarization and directionality,
which can be used for mechanical energy focalization and wave filtering. The hybridization/po-
larization effects were investigated in one-dimensional metamaterials where complete band
gaps for bending, longitudinal and shear waves appear in different frequencies, as shown in




Figure 1.3: Examples of periodic structures for acoustic and vibration attenuation: chiral con-
figuration (Zhu et al., 2014 (a), inertial amplification (Frandsen et al., 2016) (b), Bragg-local
resonance band gap coupling (Matlack et al., 2016) (c), quasiperiodic metastructure (Celli and
Gonella, 2017) (d), phononic crystal optimization (Hussein et al., 2007) (e) and bio-inspired
hierarchy metamaterial (Miniaci et al., 2017) (f).
in specific frequencies. This mechanism can be used in wave filtering, image processing and
structural health monitoring (SHM) (Ma et al., 2016). Moreover, directional effects, such as
shown in Fig. 1.4(b) can occur in bi-dimensional lattices or continuous structures, due to par-
tial band gaps or different elastic group velocities in different propagation directions (Ruzzene
et al., 2003; Wang et al., 2014b; Trainiti et al., 2016; Piccolroaz et al., 2017).
In addition, phononic crystals and metamaterials with spatial gradient index, also know as
metasurfaces and rainbow structures (see Fig. 1.4(d)), are an elegant way to control and focus
acoustic and elastic waves with optimized structures providing, for example, waveguiding, lo-
calization and wave trapping (Zhu et al., 2013; Hu et al., 2013; Ni et al., 2014; Zhao et al., 2015;
Jiménez et al., 2017). Other physical effects and devices are also obtained through spatial band
gap tailoring such as acoustic cloaking (concept presented in Fig. 1.4(f)) that is created by peri-
odic materials with refractive index changing in space (Cummer and Schurig, 2007; Torrent and
Sánchez-Dehesa, 2008; Zhang et al., 2011), super-lenses for wave localization as in Fig. 1.4(e)
and energy harvesting (Li et al., 2009; Zhu et al., 2010; Carrara et al., 2013; Li et al., 2014;
Chen et al., 2018), acoustic black holes through a anechoic termination that does not allow wave
backscattering, as in Fig. 1.4(c) (Krylov and Tilman, 2004; Li et al., 2011; Mei et al., 2012).
Another engineering application is seismic metamaterials for earthquake isolation by using the
rainbow property that converts surface waves in volume waves (Colombi et al., 2016; Palermo
et al., 2016) and earthquake shield with cloaking properties (Miniaci et al., 2016). These and
other examples and applications can be consulted in Maldovan (2013), Hussein et al. (2014),
Ma and Sheng (2016) as well as in Cummer et al. (2016).




Figure 1.4: Examples of wave manipulation in periodic structures: wave polarization in meta-
materials (Ma et al., 2016) (a), directional focalization in two-dimensional lattice (Piccolroaz
et al., 2017) (b), wave absorption in acoustic black hole (Li et al., 2011) (c), rainbow metama-
terial (Zhu et al., 2013) (d), focalization by metamaterial lenses (Zhang et al., 2011) (e) and
acoustic cloaking device (Zhang et al., 2011) (f).
active devices can provide a superior manipulation of acoustic and elastic waves (Sounas and
Alù, 2014). One of the first concepts to be proposed was the acoustic or phononic diode by
using a nonlinear material, where the wave propagation is allowed only in one direction (for-
ward), but not in the inverse direction (backward) (Li, 2010). There was a controversy about
considering this device as a phononic crystal or metamaterial because of the use of nonlinear
materials and geometric asymmetries (Maznev et al., 2013; Zhang et al., 2016). By following
the recent condensed matter physics advances in topological periodic structures and by explor-
ing the time reversal symmetry, an acoustic linear circulator with three ports, which can work
as a switch or a diode, was proposed by using fluid rotation in a cylindrical cavity without mag-
netic effects (Fleury et al., 2014), Fig 1.5(a). The Coriolis acceleration promotes the natural
frequencies (forward and backward) splitting of the acoustic cavity which were degenerated
without rotation; this phenomenon is analogue to Zeeman’s atom (Fleury et al., 2014). Thus, by
combining the vibration waveshapes of these modes, it is possible to isolate one of the output
ports and transmit the acoustic waves to the other output port.
This acoustic circulator was used as a meta-atom to construct a hexagonal bi-dimensional
lattice (Khanikaev et al., 2015), where a band gap opens at the Dirac cone point (which is a
point with high symmetry where topological wave effects had been shown in condensed matter
physics) for certain rotational speeds. Next, by considering a strip of circulators, it was noticed
that edge modes were created inside this band gap, which produces topological wave propaga-
tion immune against defects in an analogy to the quantum Hall effect, Fig. 1.5(b). In addition,
interface modes can also be created by inverting the rotation of part of the circulator lattice, in
this case, the wave propagation is topologically protected inside the structure, Fig. 1.5(b).
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Metamaterials without moving parts or gyroscopic effects were also developed to obtain
topological wave propagation (Kariyado and Hatsugai, 2015), where the symmetry is broken,
for example, in a complex combination of translational and rotational springs (Pal et al., 2016),
Fig 1.5(c). This spring organization leads to an anti-symmetric operator, similar to magnetic and
gyroscopic operators, and in this case helical edge modes are observed. However, manipulating
the waves inside the bulk in structures without magnetic or gyroscopic effects was not possible.
With the concepts of geometric phase and band inversion, interface modes were created in a one-
dimensional acoustic duct (Xiao et al., 2015). In this case, two phononic crystals with different
geometries present band gaps at the same spectrum of frequencies, but with different geometric
("Zak") phase which is a topological quantum number. When these two crystals are placed
together appears a vibration peak inside the attenuation zone (band gap); the mechanical energy
concentrates on one point without leaks to the bulk, which is shown in Fig. 1.5(d). The same
concept was applied to bi-dimensional elastic metamaterials organized in an hexagonal lattice
to manipulate waves through topological interface modes (Mousavi et al., 2015; Süsstrunk and
Huber, 2015; He et al., 2016), Fig. 1.5(e).
(a) (b)
(c) (d) (e)
Figure 1.5: Examples of wave manipulation through topological features: acoustic circulator
and its transmissibility (Fleury et al., 2014) (a), hexagonal lattice of acoustic circulator for edge
and interface modes (Khanikaev et al., 2015) (b), double layer of linear and rotational springs
for edge modes (Pal et al., 2016) (c), interface mode in an acoustic duct (Xiao et al., 2015) (d)
and interface mode in an elastic structure (Mousavi et al., 2015) (e).
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1.2.3 Band structure and wave methods
The band structure or dispersion diagram relates the wavenumbers and waveshapes of
the system to the angular frequency such as in Fig. 1.1. Its computation emerged in solid-
state physics to study lattice or crystalline materials (Brillouin, 1953; Kittel, 1986), and its
geometric interpretation was given by Brillouin in 1946 (Silva, 2015). These diagrams have
been employed in electromagnetic, optical, acoustic, and elastic periodic media such as photonic
and phononic crystals and metamaterials to analyze the wave dispersion and interaction that is
a fundamental information to understand and to manipulate waves propagating in structures
(Hussein et al., 2014). Periodic structures present an unit cell that repeats physically, which is
called direct lattice, in one, two or three dimensions. By applying the Bloch-Floquet periodic
conditions and the Fourier transform on this physical space, a reciprocal lattice or wave space
is achieved. In addition, the Brillouin Zone (BZ) is the representation of the primitive unit cell
on reciprocal lattices, which is also periodic, and it contains the wave propagation information
about the infinite periodic structure (Kittel, 1986).
Some methods have been used to compute the band structure, which is obtained, in
general, by solving an eigenvalue problem, usually after imposing the Bloch-Floquet periodic
conditions on the unit cell equations of motion. The eigenvalues give the dispersion branches
(wavenumber vs frequency relation), while the eigenvectors are the waveshapes and represent
the spatial distribution of displacements on the unit cell. Depending on the form of writing
the eigenvalue problem, they can be classified as direct and inverse methods; according to the
equations of motion, they can be classified as semi-analytical or numerical methods.
Usually, in the inverse methods, 𝜔(ℜ{𝑘}), the real part of the wavenumbers are imposed
to obtain the angular frequencies (Li, 1996; Cao et al., 2004). However, in a recent past, the di-
rect method, 𝑘(𝜔), where the angular frequencies are given to obtain the complex wavenumbers,
is usually preferred (Mead, 1996; Doyle, 1997; Mace and Manconi, 2008). The former approach
provides just the propagating component of the wavenumbers, while in the latter, propagation
and evanescent components are obtained. The direct methods have become important because
the evanescent part of the wavenumbers carry information about scattering, transmission and
transport properties (Veres et al., 2013; Hsu and Hsu, 2015; Rybin and Limonov, 2016).
In addition, in relation to the equations of motion, the semi-analytical methods apply the
Fourier Transform to the unit cell equations of motion, usually for simple structures, and use
Bloch’s theorem was well as the BZ definition to obtain the band structure. The numerical
approach constructs the unit cell, usually for complex materials or geometry, by finite elements.
Therefore, the plane wave expansion (PWE) method (Li, 1996; Cao et al., 2004) is con-
sidered a semi-analytical inverse method, while the spectral element (SE) method (used to
derive the transfer matrix) (Mead, 1996; Doyle, 1997; Lee et al., 2007; Lee, 2009), which
was originally developed to study structural dynamics with low computational cost, is consid-
ered a semi-analytical direct method. The finite element (FE) method (Phani et al., 2006; Hou
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et al., 2010) is considered a numerical inverse method and the wave finite element (WFE) ap-
proach is considered a numerical direct method (Mace et al., 2005a; Mencik and Ichchou, 2007;
Waki et al., 2009b; Mencik and Duhamel, 2015b).
The wave-based approaches (SE and WFE) have advantages to model periodic structures
because, by analyzing just one unit cell, the band structure with complex wavenumbers and
wavemodes, as well as the dynamic response of finite structures are obtained in a straightfor-
ward way (Mace et al., 2005a). These features reduce the computational time with accuracy.
Complex geometries and material behaviors can be modeled, and it is easy to combine with
other substructures using the dynamic stiffness matrix model. However, the main disadvantage
is that only structures with one-dimensional periodicity can be analyzed by these methods. The
PWE and FE can also be used for two and three-dimensional periodicity, but these methods
also require an extra formulation and computation to obtain the forced response. In relation to
the methodology, using the transfer matrix formulation with the Bloch-Floquet theorem is the
basis of the wave-based approaches. This has a physical meaning: the periodic relation between
the state vectors of consecutive interfaces or unit cells. However, modified eigenvalue prob-
lems can also be used to obtain a more stable computation of wavenumbers and wavemodes as
well as the dynamic response of the finite periodic structure (Waki et al., 2009b; Mencik and
Duhamel, 2015b; Silva et al., 2016). A detailed overview of the wave-based approaches was
mapped by Silva (2015).
Thus, the PWE and FE or SE and WFE methods provide the same results. However, PWE
and SE are preferable for their low computational cost and analytical insights, while the FE and
WFE are preferable for complex unit cell analysis and two or three dimensional waveguides.
With the PWE, only the free wave propagation can be computed, while the FE is the most
versatile of the methods, because it can be used for free, forced and transient wave propagation
response for complex geometries with a vast library of elements; however, its computational
cost can be high. The methodologies presented in this section have been used in the chapters,
which have more details on them, e.g., see Chapter 2 and 3 for the SE formulation, Chapter 4
for the TM, FE and WFE approaches, Chapter 5 for the PWE and FE methods, and Chapter 6
for the TM and FE formulations.
1.3 Basic concepts in wave propagation of periodic structures
In order to better understand the main differences between periodic structures without
band gaps, phononic crystals and metamaterials, the band structure and the forced response by
using rod SE are computed and analyzed. The continuous models in this section correspond
to lattice models presented in Fig. 1.1. By simplicity, the rod spectral element discussed in
Doyle (1997) and Lee (2009) is employed to compute the band structure through the transfer
matrix and the forced response through the dynamic stiffness matrix. While the band gap is








Figure 1.6: Continuous periodic rod models (a, d, g), complex band structure with propagating
(blue) and evanescent (red) components (b, e, h), and forced response (c, f, i) for homogeneous
(a-c), phononic (d-f) and metamaterial (g-i) by using the spectral element. The Bragg scattering
phenomenon can be observed in (e-f) and the Fabry-Perot effect (i.e., local resonance) in (h-i).
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band gap is observed in the dynamic response of finite periodic structures.
Consider first the homogeneous rod waveguide in Fig. 1.6(a) (the equivalent lattice sys-
tem is the Baden-Powell’s model). Its analytic wavenumber is given by 𝑘𝑟𝑜𝑑 = 𝜔
√︀
(𝜌/𝐸),
where 𝐸 is the elastic modulus and 𝜌 is the mass density. Only one constant branch without dis-
persion describes the problem and no band gap is opened, Fig. 1.6(b). Moreover, no vibration
attenuation zone is obtained in the transmission response, Fig. 1.6(c).
For the phononic crystal configuration, consider a structure with periodic material (elastic
modulus and mass density contrast) variation, Fig. 1.6(d) (the equivalent lattice system is the
Born’s model). The band structure in Fig. 1.6(e) presents a band gap due to the Bragg scattering
phenomenon at the Bragg reflection (𝑘.𝑎/𝜋 = 1 or 0); besides, the first branch is the acoustic
branch, where the masses vibrate in-phase, and the second branch is the optical branch, where
the masses vibrate out-of-phase. Moreover, in the dynamic response, a vibration attenuation
zone with a semi-circle shape due to a Bragg band gap is observed, Fig. 1.6(f).
In order to understand the metamaterial concept, consider local resonators with mass 𝑚𝑅,
stiffness 𝑘𝑅 and resonance frequency 𝜔𝑅 =
√︀
𝑘𝑅/𝑚𝑅 periodically attached to homogeneous
rod, which is the host structure (the equivalent lattice system is the Kelvin’s model), such as in
Fig. 1.6(g). The band gap in Fig. 1.6(h) opens at 𝜔𝑛𝑜𝑟𝑚 ≈ 0.2, which is independent of the unit
cell length and below the Bragg reflection at 𝜔𝑛𝑜𝑟𝑚 ≈ 0.5. The branch inside the band gap, with
S shape, corresponds to the damped system, Fig. 1.6(h), and the negative derivative defines the
zone where the group velocity is negative (i.e., the wave mode propagates energy in the negative
direction), which is a characteristic of the negative dynamic mass present in the metamateriais,
but not in the phononic crystals. Finally, the evanescent component of the wavenumbers are
responsible for the rapid decay of vibration and, consequently, attenuation zone in the finite
periodic structure, Fig. 1.6(i).
1.4 Objectives
The aim of this thesis is to investigate the elastic wave propagation and the dynamic
behavior of periodic structures for vibration attenuation and elastic wave manipulation by using
phononic crystals and metamaterials as well as nonreciprocity behavior of rotating structures.
The first part concerns the analytic and numerical studies of the gyroscopic effect on wave
propagation in rotating periodic structures. The specific objectives of this first part are:
∙ Analyze the time reversal symmetry breaking (gyroscopic effect) in the band structure (wave
response) and the dynamic forced response of homogeneous, phononic crystal, and metamate-
rial rotating rings;
∙ Develop the wave-based approaches, such as the SE and WFE methods, for rotating periodic
structures, i.e., with asymmetric forward and backward wave propagation;
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∙ Propose a mechanical device to manipulate elastic waves through gyroscopic effect.
The second part concerns the analytic, numerical, and experimental investigations of vi-
bration attenuation and wave manipulation in metamaterials with interconnected resonators and
in phononic crystals and metamaterials with spatially correlated variability. The specific objec-
tives of this second part are:
∙ Propose a new metamaterial design/mechanism to enlarge the bandwidth of the band gap and
to manipulate elastic waves without adding mass;
∙ Understand the physical effects of the variability in phononic and metamaterial models;
∙ Validate the numerical results with experimental measurements performed on samples con-
structed by additive manufacturing.
1.5 Thesis organization
The thesis is organized as a collection of scientific papers with a general introduction in
the first chapter and a general conclusion in the last chapter. Each chapter can be understood
independently because they have their own bibliographic references, theoretical background,
results, discussions and conclusions, and, they also present appendices that support the main
development or provide supplementary results. In addition, as pointed out in the previous sec-
tion, the thesis can be divided in two parts: I) wave and dynamic analysis of rotating periodic
structures – Chapters 2, 3 and 4, and Appendices A, B and F – and II) increasing the attenua-
tion bandwidth and manipulating waves – Chapters 5 and 6, and Appendices C, D and E. More
specifically, the thesis is organized as follows:
In Chapter 2, the SE for a rotating ring in a Lagrangian reference system is developed. The
semi-analytic formulation for the band structure and dynamic response computation is presented
step by step. The gyroscopic effect on the band structure and in the dynamic response (Campbell
diagram) of homogeneous rings is analyzed and validated with analytic modal superposition
solutions. Finally, the SE model is used to compute the dynamic response of more complex
rings with localized defects and band gaps.
In Chapter 3, the SE for a rotating ring in an Eulerian reference system is derived by
applying the material derivative in the equations of motion from Chapter 2. The rotation and
damping parameters are investigated in order to create a double asymmetry (propagating and
evanescent components of the wavenumbers) on the forward and backward wave propagation.
By using analytic equations, this behavior is related to the dynamic nonreciprocal response of
the elastic rotating ring. Finally, a mechanical circulator for elastic waves with three ports is
proposed by using the gyroscopic effect and its energy flow results are also presented.
In Chapter 4, a WFE strategy for rotating periodic structures is presented. Differently
from Chapters 2 and 3, the unit cell is modeled with FE, which enables the design of more
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complex structures. Because of the wave propagation symmetry breaking, the regularization
strategy that is common in WFE methods to obtain well-conditioned eigensolutions, can not
be used. Moreover, a high computational cost is required to compute the Campbell diagram.
Therefore, a projection based model reduction technique is proposed to save computational
time in parametric and uncertainty analysis of periodic structures.
In Chapter 5, a new metamaterial configuration with interconnected resonators is pro-
posed. The band structure is computed by PWE and FE methods and the dynamic response is
obtained by the FE approach. The attenuation bandwidth is enlarged because of the coupling be-
tween translational and rotational motions of the resonator chain. The beam concept is validated
with experimental results measured in samples constructed by SLS additive manufacturing. Fi-
nally, the vibration localization in specific directions is numerically investigated in the proposed
metamaterial plate by using the partial band gaps in the bending waves.
In Chapter 6, the wave and dynamic behavior of phononic crystal and metamaterial beams
with spatially correlated random distribution is studied. The vibration attenuation zone broaden-
ing as well as the wave trapping phenomenon due to spatial band gap mistuning are observed.
A stochastic analysis of the ensemble of beams is performed by using the KL expansion to
generate samples of spatial material property distributions and the Monte Carlo simulation to
compute statistics of the dynamic response. The numerical results are compared to the exper-
imental measurements performed in several metamaterial beams samples constructed in 3D
printers.
In Chapter 7, a summary of the main findings and original contributions of this thesis are
drawn. A list of publications that resulted from this work, as well as the perspectives of future
investigations, are also provided. In addition, each Appendix has the first page of a conference
paper resulted from this thesis.
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2 VIBRATION ANALYSIS OF FLEXIBLE ROTATING RINGS USING
A SPECTRAL ELEMENT FORMULATION
Overview
In this work, the forced response of rotating rings exhibiting non-periodic and periodic
variations in material properties and geometry is assessed by means of the spectral element
method (SEM). Based on the Euler-Bernoulli beam theory, a spectral element for a planar
rotating ring is derived. This spectral element allows the investigation of the effects of structural
damping, internal pressure and elastic foundations in the harmonic response of rotating rings.
The dynamic response of rotating rings including periodic imperfections that lead to band
gap effects is addressed. The spectral element formulation provides exact solutions within the
range of validity of the applied theory using a reduced number of degrees of freedom. Thus, it
contributes to reducing the computational time. It also provides a straightforward way to solve
structural dynamics problems including arbitrary boundary conditions and discontinuities. The
proposed formulation is validated by comparison with analytical solutions, which are available
only for uniform homogenous rings. The original document has been published in Journal of
Vibration and Acoustics by D. Beli, P.B. Silva and J.R.F. Arruda, doi:10.1115/1.4029828 (Beli
et al., 2015).
2.1 Introduction
The flexible rotating ring has been investigated by several authors (Bickford and
Reddy, 1985; Endo et al., 1984; Huang and Soedel, 1987a; Kim and Chung, 2002). It can be
used to investigate the dynamics of tires (Endo et al., 1984; Huang and Soedel, 1987a; Delam-
otte et al., 2008), gears (Kim and Chung, 2002), sensors (Kim and Chung, 2002), and centrifugal
separators, among other applications (Endo et al., 1984). The latter can be addressed because
the dynamics of a long, rotating cylinder can be approximated by the in-plane vibration of a
flexible ring. The study of tire vibrations due to imperfections caused by the fabrication process
and the investigation of rings with periodic non-uniformities or non-homogeneities aiming at
creating band gaps (Deymier, 2013) are the applications that have motivated this work.
In particular, the current work concerns the dynamics of thin rotating rings, i.e., rings
with an aspect ratio (thickness-to-radius ratio) inferior to 0.1. In the past, Endo et al. (1984)
compared experimental and analytical data for in-plane vibrations of uniform rotating rings. In
their work, the effects of centrifugal acceleration and initial tension due to rotation were con-
sidered. Their results for uniform rings are similar to ours in the sense that natural frequencies
are predicted as a function of the rotational speed. They also showed that, for thin rings, the
rotary inertia can be neglected. Bickford and Reddy (1985) derived the equations of motion of
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a thin rotating ring using the Euler-Bernoulli theory and taking into account the Coriolis accel-
eration and the hoop stress induced by rotation. In their work, they showed that rotary inertia
and shear deflection have little influence upon the lower bending modes and at lower rotational
speeds. Huang and Soedel (1987a; 1987b) applied these equations to obtain the free and forced
responses for stationary rings with rotating loads and for rotating rings with stationary loads.
They showed that these problems present similar behavior for low rotational speeds or when the
excitation frequency is high compared to the rotational speed.
Several matrix methods have been used to evaluate the dynamic behavior of structures,
and the Spectral Element Method (SEM) (Doyle, 1997) is one of them. SEM is based on wave
propagation, and it allows the derivation of the exact dynamic stiffness matrix (within the as-
sumptions of the underlying theory) for a given structure in the frequency domain. It has simi-
larities with other commonly used methods. Similarly to the Finite Element Method, it requires
the spatial discretization of the domain and the global system matrix is assembled using element
matrices. Similarly to the Dynamic Stiffness Method, it provides the exact dynamic description
of a structure within the scope of the theory used in the formulation (the inertia of the dis-
tributed mass is represented in an exact form) and a reduction of the number of elements that
are necessary to describe the structure (only geometrical or material discontinuities and points
of application of external loads need to be meshed). Similarly to the Wave Spectral Analysis
Method, wave propagation modes are superposed and the Discrete Fourier Transform is used
to compute periodic or transient responses via the FFT algorithm (Lee, 2009). Therefore, it can
be considered as a semi-analytical method. The main advantage of SEM compared to FEM is
that dynamic responses can be computed at a much lower computational cost, which is more
adequate for applications where the responses of many variations of a baseline structure have to
be computed, as it is the case in structural optimization and uncertainty prediction. Moreover,
as SEM provides an exact dynamic description for a given structure, spatial discretization er-
rors at higher frequencies do not occur. Nevertheless, because spectral elements are built on a
case-by-case basis, SEM is not suitable to model complex, arbitrarily shaped structures.
A wave propagation method for the analysis of ring vibrations was recently proposed
by Kang et al. (2003). In their study, they analyzed stationary curved beams under different
support conditions. Lee et al. (2007) have also studied stationary curved beams via wave propa-
gation. Dispersion curves for the analyzed structures have been presented. More recently, Huang
et al. (2013) have computed the free response for non-uniform rotating rings by wave propa-
gation using reflection and transmission matrices. In their study, however, neither the forced
response computation, nor the effects of elastic foundation, internal pressure, and structural
damping have been addressed. Curved beams and their interactions with general discontinu-
ities, such as point discontinuities, general boundaries, changes of sections and curvature, have
been analyzed via wave propagation by Xiuchang et al. (2013). In their work, the emphasis is
on the investigation of energy attenuation and wave mode conversion for vibration control. The
results suggested that the curved beam is an excellent isolation structure.
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The SEM has been used to derive elementary dynamic stiffness matrices for many struc-
tural elements, such as beams, rods, Levy plates, and curved beams (Doyle, 1997; Lee, 2009).
Based on Euler-Bernoulli’s beam theory, a spectral element for a stationary ring segment sub-
jected to a rotating force has been developed by Delamotte et al. (2008).
The goal of the present work is to formulate a spectral element for a flexible rotating
ring segment that allows the fast computation of the free and forced responses when non-
periodic or periodic variations in the material or in the geometry, i.e., non-homogeneities or
non-uniformities, respectively, are present. The effects of elastic foundations, internal pressure,
and structural damping are included. Therefore, this paper extends the formulations presented
in previous works (Delamotte et al., 2008; Doyle, 1997; Lee, 2009; Huang et al., 2013). The
curved beam model for in-plane vibration analysis is based on the Euler-Bernoulli beam theory
and includes the effects of centrifugal acceleration and centrifugal hoop stress. Results are vali-
dated for a uniform homogeneous ring using the analytical solution, which was derived for this
purpose (see Appendix A).
2.2 Spectral Element Formulation
The methodology used to derive a spectral element consists of relating the nodal forces
and the nodal degrees of freedom (displacements and rotations) to the wave amplitudes and
then substituting the latter to obtain the relation between forces and degrees of freedom in the
frequency domain, i.e., the dynamic stiffness matrix. A scheme of the rotating curved beam
segment considered in this paper is shown in Fig. 2.1. The centroid of each cross section passes
through the centerline. The circumferential coordinate along the centerline is denoted by 𝑠 and
the radial coordinate normal to the centerline is denoted by 𝑧. The radial and the tangential
centerline displacements are w and u, respectively. The segment may be subjected to an internal
pressure 𝑝0, and supported by an elastic foundation of radial and tangential stiffness 𝑘𝑤 and 𝑘𝑢,
respectively.
In this work, the Euler-Bernoulli beam theory is used to model thin rings. This classical
beam theory assumes that plane sections remain plane after deformation and that the effects of
rotary inertia and transverse shear deformation can be neglected. This is valid for beams and
rings with small aspect ratio (less than 0.1) (Kang et al., 2003). As stated in section 1, these
effects do not have much influence on the lower order bending modes and at lower rotational
speeds. As a result of these assumptions, the only significant strain in this beam model is in the
circumferential direction (Huang and Soedel, 1987a). Using Hamilton’s principle, the coupled
equations governing the free vibration of an element of rotating ring in local (Lagrangian) co-
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Figure 2.1: Differential element of rotating ring supported on elastic foundation, grey shaded
area, and under internal pressure































































where 𝐸⋆ = 𝐸(1 + 𝑖𝜂), 𝐸 is the Young’s modulus, 𝜂 is the structural damping coefficient (loss
factor), 𝜌 is the mass density, 𝐴 is the cross-sectional area, 𝐼 is the area moment of inertia, 𝑏 is
the width of the beam, 𝑅 is the mean radius of the centerline, 𝑡 is the time variable and Ω is the
rotational speed. In the equation system, Eq. (2.1), the first equation corresponds to the flexural
behavior and the second one to the extensional behavior. In these equations, the Coriolis terms
are 2Ω(𝜕𝑤/𝜕𝑡) and 2Ω(𝜕𝑢/𝜕𝑡). The centrifugal hoop stress term, 𝜌𝑅2Ω2, works as an internal
pressure that increases with the rotational speed. The internal pressure is modelled in agreement
with the thin-walled pressure vessel theory (Harvey, 1985).
The internal normal force 𝑇 , the transverse shear force 𝑉 and the bending moment 𝑀
are related to deformations and displacements (Doyle, 1997), and these relations, which can be
obtained using Hamilton’s principle, are given by Eq. (2.2).


























Assuming a wave propagation solution for the displacements in Eq. (2.1), i.e., in the
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where ?̂?(𝑠,𝜔) and ?̂?(𝑠,𝜔) are the Fourier components of the displacements 𝑤(𝑠,𝑡) and 𝑢(𝑠,𝑡),
respectively, 𝜔 is the angular frequency, 𝛾 is the wavenumber, which is a function of the angular
frequency, and 𝑐𝑤 and 𝑐𝑢 are the radial and the tangential wave amplitudes, respectively.
Then, derivatives of the displacement solutions given by Eq. (2.3) can be computed and
substituted in the equations of motion, Eq. (2.1). By rearranging the resulting equations, an



































By solving this equation system for the non-trivial solution, the characteristic equation





2 + 𝑞1𝛾 + 𝑞0 = 0 (2.5)
where
𝑞0 = −𝑏2[𝑝20 +𝑅2𝑘𝑢𝑘𝑤 +𝑅𝑝0(𝑘𝑢 + 𝑘𝑤)] − 𝐸⋆𝐴[𝑏(𝑅−1𝑝0 + 𝑘𝑢) − 𝜌𝐴𝜔2]+
𝜌𝐴𝑅2𝜔2[𝑏(2𝑅−1𝑝0 + 𝑘𝑢) + 𝜌𝐴(4Ω
2 − 𝜔2)],
𝑞1 = −4𝜌𝐴𝑅Ω𝜔(𝐸⋆𝐴+ 2𝑅𝑏𝑝0 + 2𝜌𝐴𝑅2Ω2),
𝑞2 = −𝐸⋆𝐼[𝐸⋆𝐴𝑅−2 + 𝑏(𝑝0𝑅−1 + 𝑘𝑤) − 𝜌𝐴𝜔2] + 𝐸⋆𝐴𝑅𝑏(2𝑝0 −𝑅𝑘𝑤)+





𝜌𝐴𝑅2[𝐸⋆𝐼(𝜔2 + 3Ω2) −𝑅2Ω2(𝐸⋆𝐴−𝑅(2𝑏𝑝0 − 𝜌𝐴𝑅Ω2))],
𝑞6 = −𝐸⋆𝐼𝑅2(𝐸⋆𝐴+𝑅𝑏𝑝0 + 𝜌𝐴𝑅2Ω2).
The six roots of Eq. (2.5) correspond to three pairs of frequency-dependent wavenumbers
are complex. Three wavenumbers (𝛾1, 𝛾2, and 𝛾3) are related to waves that propagate in the
forward/counterclockwise direction and the other three (𝛾4, 𝛾5, and 𝛾6) to waves that propagate
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in the backward/clockwise direction. In rotating rings, due to the Coriolis effect, pairs of waves
travel in opposite directions with different phase velocities. Thus, pairs of wavenumbers do not
have the same modulus, as it occurs in the case of stationary isotropic structures, such as the
ones treated by Lee et al. (2007). According to Lee et al. (2007), the wavenumbers related to
forward travelling waves follow Eq. (2.6).





> 0 if ℑ{𝛾} = 0 (2.6)





2𝜌𝐴𝐸⋆𝐼𝑅(𝑅𝜔𝛾4 − 2Ω𝛾3) + 2𝜌𝐴𝜔[(𝐸⋆𝐼 + 𝐸⋆𝐴𝑅2) + 2𝑅3(𝑏𝑝0 + 𝜌𝐴𝑅Ω2)]𝛾2
−4𝜌𝐴𝑅Ω(𝐸⋆𝐴+ 2𝜌𝐴𝑅2Ω2)𝛾 + 2𝜌𝐴𝜔[𝐸⋆𝐴− 2𝜌𝐴𝑅2(𝜔 + 2Ω2)]
]︃
6𝑞6𝛾5 + 4𝑞4𝛾3 + 3𝑞3𝛾2 + 2𝑞2𝛾 + 𝑞1
(2.7)








⋆𝐴𝛾𝑚+2(𝜌𝐴𝑅Ω2+𝑏𝑝0)𝑅𝛾𝑚−2𝜌𝐴𝑅Ω𝜔] , 𝑚 = 1,2,3,4,5,6. (2.8)
By using the six wavenumbers obtained from Eq. (2.5), the Fourier components of the
displacements ŵ(𝑠,𝜔) and û(𝑠,𝜔) and the bending angle rotation 𝜓(𝑠,𝜔) = 𝜕ŵ/𝜕𝑠 can be






















𝛼1 0 0 0 0 0
0 𝛼2 0 0 0 0
0 0 𝛼3 0 0 0
0 0 0 𝛼4 0 0
0 0 0 0 𝛼5 0






























Λ(𝜔) is a diagonal matrix, C(𝜔) is the vector of radial displacement amplitude spectra, and
N(𝑠,𝜔) is the vector of spatial distribution functions. The arc length of the element, 𝑠0, is used
in N(𝑠,𝜔) to improve the numerical stability of the solution. This means that the reference
for the amplitude spectra related to backward travelling waves is placed at the left end of the
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spectral element (see Fig. 2.2).
Figure 2.2: Spectral element of a rotating ring including spectral nodal forces and wave propa-
gation convention.
Evaluating the displacements, Eq. (2.9), at the two ends of the element, a matrix that
relates the vector of spectral nodal displacements (Fig. 2.2) to the vector of spectral wave am-























1 1 1 𝑒i𝛾4𝑠0 𝑒i𝛾5𝑠0 𝑒i𝛾6𝑠0




−i𝛾3𝑠0 𝛼4 𝛼5 𝛼6
𝑒−i𝛾1𝑠0 𝑒−i𝛾2𝑠0 𝑒−i𝛾3𝑠0 1 1 1











In simplified notation, Eq. (2.11) can be written as:
Û = G(𝜔)C(𝜔) (2.12)
Substituting Eq. (2.9) in Eq. (2.2), the spectral components of axial force, transverse shear
force, and bending moment are given, respectively, by:


















































Evaluating these equations at the two ends of the element, the spectral nodal forces and
































































In simplified notation, Eq. (2.14) can be written as:
F̂ = H(𝜔)C(𝜔) (2.15)
Given that a Lagrangian coordinate system is used, the spectral nodal forces have the
same angular velocity as the ring. Therefore, they appear stationary in a rotating frame, i.e.,
they may be regarded as rotating dynamic forces. Besides, the spectral nodal forces may result
from any kind of excitation in the time domain - basically periodic, transient or random -, which
can be transformed to the frequency domain by the application of the appropriate Fourier trans-
formation. It should be noted that the assumption of a dynamic force co-rotating with the ring is
natural in the Lagrangian formulation used to derive the spectral element. However, it does not
correspond to the most commonly encountered situation for externally excited rings, where the
static or dynamic force remains stationary as the ring rotates. The authors are currently working
on this issue, but it is not within the scope of the present paper.
The spectral matrix for a rotating ring element, K(𝜔), can be obtained from Eqs. (2.12)
and (2.15):
F̂ = H(𝜔)G(𝜔)−1Û(𝜔) = K(𝜔)Û(𝜔) where, K(𝜔) = H(𝜔)G(𝜔)−1 (2.16)
The procedure to assemble the global matrix is the same employed in the Finite Element
method. With the spectral matrix previously formulated and defining the dynamic force vector,
one can obtain the solutions for displacements and rotations at each node. The forced response,
represented by Frequency Response Functions (FRF), can be computed. Modal parameters,
such as natural frequencies and mode shapes, can be obtained from the solution of the homo-
geneous equations (K(𝜔)Û(𝜔) = 0) or can be estimated from the forced response (operational
mode shapes). Moreover, given the nodal responses, the exact spectral shape functions can be
used to interpolate radial and tangential displacements at any arbitrary point of the spectral
element. By expressing the vector of wave amplitudes, C(𝜔), in terms of the vector of nodal
displacements using Eq. (2.12), then substituting this expression in Eq. (2.9), the displacements
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where Û(𝜔) is a vector of nodal spectral displacements computed via the SEM.
2.3 Numerical Examples
The numerical validation of the rotating ring spectral element derived in this paper is done
for a uniform homogeneous rotating ring by comparison of the forced response and operational
modes with the analytical solution. The properties of the ring are: mass density 𝜌 = 7200
kg/m3, Young’s modulus 𝐸 = 220 GPa, radius 𝑅 = 0.25 m, rectangular cross-section with
width 𝑏 = 0.15 m, height ℎ = 0.002 m, area 𝐴 = 𝑏ℎ and area moment of inertia 𝐼 = 𝑏ℎ3/12.
Arbitrarily, the SE model consists of four spectral elements (Fig. 2.3) (for a uniform ring
one spectral element would suffice). The analytical solution, which includes the effects of the
internal pressure and/or an elastic foundation (see appendix A) is used to compute natural fre-
quencies, mode shapes, and the forced response.
Figure 2.3: Model of a SE rotating ring.
2.3.1 Rotating Effects: Coriolis Acceleration and Centrifugal Hoop Stress
In this section, the ring rotation effects are investigated. For the sake of clarity, the effects
of internal pressure, elastic foundation and structural damping are neglected.
Spectrum Relation
Using Eq. (2.5), the dispersion curves obtained are shown in Fig. 2.4. The real part cor-
responds to the propagating behavior of the associated wave, and the imaginary part to the
evanescent behavior. For a stationary ring, dispersion curves for forward and backward trav-
elling waves are symmetric; this does not occur for a rotating ring, as predicted by Huang
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et al. (2013), because of the Coriolis acceleration and the centrifugal hoop stress.
The spectrum relation of the rotating ring and the one for the stationary case are similar
at high frequencies and present large differences at low frequencies, as predicted by Huang and
Soedel (1987a; 1987b).
Figure 2.4: Spectrum relations for a stationary ring (a,b) and for a rotating ring with Ω = 50
rad/s (c,d): positive wavenumbers (−) and negative wavenumbers (∘).
Forced Response
A forced response analysis of a ring free from kinematic constraints and subjected to
radial point excitation is performed (i.e., computation of the forced response function - FRF)
using the spectral element formulation. The radial displacement is computed at the excited node.
In the rotating ring response (Fig. 2.5), a bifurcation of the natural frequencies occurs due
to the Coriolis effect. The resonance peaks are displaced to the right with respect to the analyt-
ical flexural modes of the stationary ring, i.e., they show a stiffening trend, which results from
the centrifugal hoop stress induced by rotation. An early work of Huang and Soedel (1987a) had
already shown these effects and concluded that the Coriolis component dominates the forced
response of a rotating ring. These results are in agreement with analytical solutions.
Campbell diagram for a single radial force are plotted in Fig. 2.6(a). It is possible to
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Figure 2.5: FRF of the rotating ring with Ω = 50 rad/s: SEM (−) and analytical solution (x).
identify that resonance peaks bifurcate due to rotation and that the gap between bifurcated
resonance peaks is wider for lower order modes. The rigid body mode is excited and the ring
center moves in a circle with an angular frequency equal to the rotational speed (see Fig. 2.6(b)),
which shows a sequence of ring positions for one cycle). This explains why, in the present case,
the zero-frequency rigid body mode appears in the forced response at the rotational speed of the
ring.
(a) (b)
Figure 2.6: Campbell diagram for single force: SEM (color map) and analytical solution (∘).
Configuration of the single applied force at subsequent time instances (b).
Operational Modes and Frequencies
For the SEM model, the computation of normal mode shapes is possible either directly,
by solving the homogeneous equation or, indirectly, via forced response analysis. In the indi-
rect approach used here, at first the operational frequencies that coincide with analytical natural
frequencies of the ring (Fig. 2.5) are selected. Then, at these resonant frequencies, nodal dis-
placements are computed. Using Eq. (2.17), the response can be evaluated at internal points of
the structure, which allows a better spatial representation of operational mode shapes.
48
The dynamic response of a rotating ring is described by a combination of flexural and ex-
tensional modes. Both present radial and tangential displacement components. Moreover, due to
the Coriolis effect, for each mode there are two resonant frequencies. Flexural modes, in which
the radial displacement component predominates (with a typical ratio of 20:1 in the present
case) with respect to the tangential displacement component, are of great interest, because they
dominate the low frequency behavior. On the other hand, extensional modes appear at higher
frequencies, when the tangential displacement component becomes larger than the radial dis-
placement component (with a typical ratio of 2:1 in the present case).
Table 2.1 and Table 2.2 compare resonance frequencies and mode shapes computed via
SEM with the analytical solution. Flexural and extensional mode shapes are accurately com-
puted via SEM. The first flexural mode is the rigid body mode and it is excited at the ring
rotational speed; the other modes have a number of wavelengths in accordance with the mode
number.
Table 2.1: Flexural (FM) frequencies and mode shapes for Ω = 50 rad/s.
2.3.2 Internal Pressure, Elastic Foundation and Structural Damping
The spectrum relation and the forced response of a rotating ring with the effects of the
internal pressure, elastic foundation, and structural damping were investigated using the SE
model of Section 3.1 for a rotational speed of 50 rad/s. Each effect was investigated separately,
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Table 2.2: Extensional (EM) frequencies and mode shapes for Ω = 50 rad/s.
i.e., in the analysis of the influence of one effect the other two were not considered (remained
unchanged). Results are validated by comparison with the analytical solution (Appendix A).
The internal pressure modifies the spectrum relation at low and mid frequencies, from
0 to 1 kHz in this case (Fig. 2.7a, Fig. 2.7d). The elastic foundation modifies the spectrum
relation at low frequencies only (Fig. 2.7b, Fig. 2.7e). The structural damping influences the
real and imaginary parts of the wavenumbers that are zero or close to zero (Fig. 2.7c, Fig. 2.7f)
by increasing and bifurcating them with increasing frequency.
From the results for a rotating ring with internal pressure, Fig. 2.8a and Fig. 2.9a, it can
be noticed that the operational frequencies are non-linearly shifted to higher frequencies, which
means that, as expected, internal pressure increases the ring stiffness. Higher order modes are
more influenced by the internal pressure, and, as expected, the frequency of the rigid body mode
does not change. The presence of an elastic foundation attached to the rotating ring promotes
the bifurcation of the rigid body mode, which exhibits a root square relation with the variation
of the spring constant, as can be observed in Figs. 2.8b and 2.9b, where the radial and tangential
stiffness is the same. Also, the elastic foundation causes a shift of the natural frequencies of
the low-order flexural modes, i.e., the system becomes stiffer at low frequencies. Figures 2.8c
and 2.9c show that the structural damping attenuates the amplitudes of resonance peaks without
modifying resonant frequencies. As expected, the amplitude of the rigid body mode peak is not
influenced by the internal damping of the ring.
2.3.3 Rotating Ring with Imperfections
One of the objectives of this work is to propose a method able to simulate rotating rings
with non-uniformities and non-homogeneities. Some examples are illustrated in Fig. 11. Imper-
fections may be produced by differences in material or geometric properties within a structure
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Figure 2.7: Real and imaginary parts of wavenumbers with Ω = 50 rad/s for: internal pressure
effect (a,d) with 𝑝0 = 1 bar (x) and 𝑝0 = 0 (−), elastic foundation effect (b,e) with 𝑘𝑤 = 𝑘𝑢 =
104 N/m3 (x) and 𝑘𝑤 = 𝑘𝑢 = 0 (−), structural damping effect (c,f) with 𝜂 = 0.001 (x) and
𝜂 = 0 (−).
or by boundary conditions. Internal pressure and the structural damping are not considered in
this section. The structure is excited in the radial direction and the radial displacement solution
is computed at a node diametrically opposed to the excited one.
In this section, when specified, uniform refers to the cross section dimensions 𝑏U = 0.15
m and ℎU = 0.002 m, listed in Table 2.4, and homogeneous to material with averaged density
and Young’s modulus: 𝜌H = (𝜌I + 𝜌II)/2 and 𝐸H = 2/(1/𝐸I + 1/𝐸II), respectively, where
indices I, II and H correspond to materials listed in Table 2.3.
Table 2.3: Material properties for imperfection analysis.
First, the effect of a local imperfection was investigated (Fig. 2.10a). A uniform ring of
radius 𝑅 = 0.20 m was constructed with two elements: one with an angular length of 350∘ and
made of material I, and another one with angular length of 10∘ and made of material II. The
dynamic response of this ring is compared with that of a uniform ring made of material I.
In Fig. 2.11, the forced responses of the rings with and without imperfection are com-
pared. From 0 to 100 Hz, the differences are not clear. However, at higher frequencies, the
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Figure 2.8: FRF with Ω = 50 rad/s for analysis of internal pressure with 𝑝0 = 1 bar (a), elastic
foundation with 𝑘𝑤 = 𝑘𝑢 = 104 N/m3 (b) and structural damping with 𝜂 = 0.01 (c): SEM
(−x−), analytical solution (vertical lines) and SEM with 𝑝0 = 𝑘𝑤 = 𝑘𝑢 = 𝜂 = 0 (−) for
comparison.
flexural modes of the ring with imperfection become non-degenerated, i.e., mode pairs out-
of-phase by an angle 𝜋/𝑛, where 𝑛 is the mode number, present distinct resonances for any
rotational speed. The influence of the rotational speed is less pronounced in the bifurcation, but
the stiffening effect of the centrifugal hoop stress is still clear. Furthermore, the response of
the non-homogeneous ring shows a stronger coupling between extensional and flexural modes
at 1200 Hz, when an extensional mode gives rise to a flexural mode and vice-versa at various
rotational speeds. This phenomenon is not observed in the homogeneous case.
In the examples that follow, the effect of periodic imperfections in rotating rings of radius
𝑅 = 0.32 m is analyzed. The full structure is composed of 24 elements of equal angular length
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Figure 2.9: Operational frequencies versus internal pressure (a), elastic foundation stiffness (b)
and structural damping (c) for Ω = 0 (−), Ω = 50 rad/s (x) and Ω = 100 rad/s (∘).
(15∘) and alternating properties. Differences in the material, cross section geometry, and elastic
foundation are investigated. The rotational speed was kept constant at 50 rad/s.
In the case the periodicity is in the material properties, materials I and II (from Table
2.3) are used and the geometry of the ring is uniform. When the ring presents a periodic non-
uniformity, homogeneous elements with cross sections 1 and 2 (Table 2.4) are used (Fig. 2.10c).
In the last case investigated, uniform homogenous elements supported or not on an elastic foun-
dation are alternated (Fig. 2.10d). An equivalent uniform and homogeneous ring without elastic
foundation is used as baseline.
Each periodicity produces different band gaps (frequency bands where no propagating
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Figure 2.10: Models of non-uniform and non–homogeneous rotating ring with: local imperfec-
tion (a), material periodicity (b), geometric periodicity (c) and elastic foundation periodicity
(d).
Figure 2.11: Campbell diagrams for a ring with (a) and without (b) local imperfection.
Table 2.4: Cross section characteristics for imperfection analysis.
waves exist), with different depths (attenuation levels of the forced response) and widths (of
the frequency bands), which can be clearly observed when compared with the baseline, i.e., the
equivalent uniform homogeneous ring (Fig. 2.12). Material and geometric periodicities create
stop bands in all frequency ranges, and their depth and width become larger as frequency in-
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creases, while the elastic foundation periodicity creates band gaps at low frequencies only, with
larger depth.
Figure 2.12: Forced response with Ω = 50 rad/s of uniform and homogenous equivalent ring
(a), and rings including periodic imperfections: material periodicity (b), geometric periodicity
(c) and elastic foundation periodicity (d).
The rotation acts as a mechanism for the nucleation and annihilation of the band gaps,
also influencing their width (Fig. 2.13). The band gaps produced by material and geometric
periodicities follow the stiffening behavior induced by the centrifugal hoop stress, while those
generated by elastic foundation periodicity do not present a well defined behavior.
These illustrative cases show that band gap phenomena, also observed in stationary struc-
tures, occur in flexible rotating rings. Besides, they illustrate the potential of the proposed spec-
tral element model for the analysis of band gaps in flexible rotating rings.
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Figure 2.13: Campbell diagrams for uniform and homogenous equivalent ring (a), and rings
including periodic imperfections: material periodicity (b), geometric periodicity (c) and elastic
foundation periodicity (d).
2.4 Conclusion
In this work, a spectral element for a planar rotating ring based on the Euler Bernoulli
beam theory was derived. The formulation proposed in this paper allows obtaining exact har-
monic solutions at a very low computational cost. The proposed formulation was validated by
comparison with the analytical solution for a uniform and homogeneous rotating ring. Changes
in the free and forced responses of the ring induced by rotation, structural damping, internal
pressure and elastic foundations were investigated.
The spectral element method also allows simulating imperfections in a rotating ring by
simple assembly of spectral elements with different material and/or geometrical properties.
From the analysis of rings including periodic imperfections, it has been shown that band gap
phenomena may occur in a rotating ring and how the rotation affects them. The study of this
kind of phenomena in flexible rotating rings is novel and it will be the object of further investi-
gation.
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2.5 Appendix A: Analytical solution of the governing equations of motion
Equations (2.1) are also the equations of motion for a complete ring. The analytical nat-
ural frequencies are obtained by assuming that the displacements are given by (Huang and
Soedel, 1987a):
𝑤𝑛(𝑠,𝑡) = ?̄?𝑛𝑒
i(𝑛 𝑠𝑅+𝜔𝑛𝑡) 𝑢𝑛(𝑠,𝑡) = ?̄?𝑛𝑒
i(𝑛 𝑠𝑅+𝜔𝑛𝑡) (2.18)
where 𝑛 is the mode rank, ?̄?𝑛 and ?̄?𝑛 are amplitudes.














⋆𝐼𝑅−3𝑛4 + 𝐸⋆𝐴𝑅−1 + (𝜌𝐴𝑅Ω2 + 𝑏𝑝0)𝑛
2 + (𝑏𝑝0 + 𝑏𝑅𝑘𝑤) − 𝜌𝐴𝑅𝜔2𝑛
𝐿22 = 𝐸
⋆𝐼𝑅−3𝑛2 + 𝐸⋆𝐴𝑅−1𝑛2 + (𝜌𝐴𝑅Ω2 + 𝑏𝑝0)𝑛
2 + (𝑏𝑝0 + 𝑏𝑅𝑘𝑢) − 𝜌𝐴𝑅𝜔2𝑛
𝐿12 = −𝐿21 = i {𝐸⋆𝐼𝑅−3𝑛3 + 𝐸⋆𝐴𝑅−1𝑛+ 2(𝜌𝐴𝑅Ω2 + 𝑏𝑝0)𝑛− 2𝜌𝐴𝑅Ω𝜔𝑛}
(2.20)
For a non-trivial solution, it is necessary that the determinant of matrix L vanishes, which





2 + 𝑙1𝜔𝑛 + 𝑙0 = 0, (2.21)
where:
𝑙4 = 𝜌
2𝐴2𝑅2, 𝑙2 = −𝜌𝐴𝑅(?̃?1 + ?̃?2) − 4𝜌2𝐴2𝑅2Ω2, 𝑙1 = 4𝜌𝐴𝑅?̃?3, 𝑙0 = ?̃?1?̃?2 − ?̃?23 (2.22)
and
?̃?1 = 𝐸
⋆𝐼𝑅−3𝑛4 + 𝐸⋆𝐴𝑅−1 + (𝜌𝐴𝑅Ω2 + 𝑏𝑝0)𝑛
2 + (𝑏𝑝0 + 𝑏𝑅𝑘𝑤)
?̃?2 = 𝐸
⋆𝐼𝑅−3𝑛2 + 𝐸⋆𝐴𝑅−1𝑛2 + (𝜌𝐴𝑅Ω2 + 𝑏𝑝0)𝑛
2 + (𝑏𝑝0 + 𝑏𝑅𝑘𝑢)
?̃?3 = 𝐸
⋆𝐼𝑅−3𝑛3 + 𝐸⋆𝐴𝑅−1𝑛+ 2(𝜌𝐴𝑅Ω2 + 𝑏𝑝0)𝑛
(2.23)
Equation (2.21) yields four natural frequencies. Two of them are related to flexural modes
(𝜁 = 1, 2) and the other two to extensional modes (𝜁 = 3, 4). Then, radial and tangential





























External distributed load components, 𝑞𝑤 (radial) and 𝑞𝑢 (tangential), are included in Eqs.



































































i𝜔𝑡 𝑞𝑢(𝑠,𝑡) = 𝑞𝑢(𝑠)𝑒
i𝜔𝑡 (2.28)


















Equations (2.28)) and (2.29) are replaced in the Eq. (2.27), yielding:
∞∑︀
𝑚=−∞
(︁̃︀𝐿11?̃?𝑚 + ̃︀𝐿12?̃?𝑚)︁ cos (︀𝑚𝑠𝑅 )︀ = 𝑅𝑞𝑤(𝑠)
∞∑︀
𝑚=−∞
(︁̃︀𝐿21?̃?𝑚 + ̃︀𝐿22?̃?𝑚)︁ i cos (︀𝑚𝑠𝑅 )︀ = 𝑅𝑞𝑢(𝑠) (2.30)
where:
̃︀𝐿11 = −𝐸⋆𝐼𝑅−3𝑚4 − 𝐸⋆𝐴𝑅−1 − (𝜌𝐴𝑅Ω2 + 𝑏𝑝0)𝑚2 − (𝑏𝑝0 + 𝑏𝑅𝑘𝑤) + 𝜌𝐴𝑅𝜔2̃︀𝐿22 = −𝐸⋆𝐼𝑅−3𝑚2 − 𝐸⋆𝐴𝑅−1𝑚2 − (𝜌𝐴𝑅Ω2 + 𝑏𝑝0)𝑚2 − (𝑏𝑝0 + 𝑏𝑅𝑘𝑢) + 𝜌𝐴𝑅𝜔2̃︀𝐿12 = ̃︀𝐿21 = −𝐸⋆𝐼𝑅−3𝑚3 − 𝐸⋆𝐴𝑅−1𝑚− 2(𝜌𝐴𝑅Ω2 + 𝑏𝑝0)𝑚+ 2𝜌𝐴𝑅Ω𝜔
(2.31)







































0 if 𝑚 ̸= 𝑚′
2𝜋𝑅 if 𝑚 = 𝑚′ = 0
𝜋𝑅 if 𝑚 = 𝑚′ ̸= 0
⎫⎪⎬⎪⎭ (2.33)
Equations (2.32) exist only if 𝑚 = 𝑚′. The problems, addressed in Section 3, consider
excitation by a single radial harmonic force. Thus, the harmonic distributed loads are:
𝑞𝑤(𝑠) = 𝑄𝑤𝑚𝛿(𝑠− 𝑠′) 𝑞𝑢(𝑠) (2.34)
where 𝛿 is the Dirac’s delta function, 𝑠′ the coordinate of the single harmonic force, and 𝑄𝑤𝑚
the amplitude of the single radial excitation for each mode.
Replacing Eqs. (2.33) and (2.34) in Eqs. (2.32), and solving the equation systems for the





















































3 MECHANICAL CIRCULATOR FOR ELASTIC WAVES BY USING
THE NONRECIPROCITY OF FLEXIBLE ROTATING RINGS
Overview
Circulators have a wide range of applications in wave manipulation. They provide
a nonreciprocal response by breaking the time-reversal symmetry. In the mechanical field,
nonlinear isolators and ferromagnetic circulators can be used for this objective. However, they
require high power and high volumes. Herein, a flexible rotating ring is used to break the
time-reversal symmetry as a result of the combined effect of Coriolis acceleration and material
damping. Complete asymmetry of oscillating and evanescent components of wavenumbers is
achieved. The elastic ring produces a nonreciprocal response that is used to design a three port
mechanical circulator. The rotational speed for maximum transmission in one port and isolation
in the other one is determined using analytical equations. A spectral element formulation is used
to compute the complex dispersion diagrams and the forced response. Waveguides that support
longitudinal and flexural waves are investigated. In this case, the ring nonreciprocity is modu-
lated by the waveguide reciprocal response and the transmission coefficients can be affected.
The proposed device is compact, nonferromagnetic, and may open new directions for elastic
wave manipulation. The original document has been published in Mechanical System and
Signal Processing by D. Beli, P.B. Silva and J.R.F. Arruda, doi:10.1016/j.ymssp.2017.05.022
(Beli et al., 2018c).
3.1 Introduction
Wave control and manipulation is a topic that raises enthusiasm among researchers of
fields such as electromagnetism, acoustics, mechanics, and material science as it opens new
avenues for the development of applications in modern communication, energy harvesting, and
sensing. Recently, the possibility of engineering devices with strongly nonreciprocal responses
has offered new possibilities for wave control (Sounas and Alù, 2014). Reciprocity is the fun-
damental property of most wave phenomena observed in everyday life, which results from the
time-reversible property of conventional media. It guarantees that the wave propagation between
source and receiver or vice-versa is symmetric (Maznev et al., 2013). However, in various sit-
uations, nonreciprocal wave phenomena are highly desirable as, for instance, to separate waves
propagating in opposite directions, to create one-way propagation, or to isolate different media
(Cummer et al., 2016). In addition, it has also been shown that breaking time-reversal symmetry
plays an important role in bringing about topological edge states. The main feature of topolog-
ical states, at first believed as a quantum Hall effect, is their immunity against wave scattering
by disorder (Nash et al., 2015; Wang et al., 2015c).
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Nonreciprocal devices, namely isolators and circulators, have initially been proposed in
electromagnetism (Sounas et al., 2013; Yu and Fan, 2009). In isolators, nonlinear structures
associated with linear periodic structures are employed, whereas in circulators, linear media in
the presence of magnetic or Coriolis forces produce a nonsymmetrical propagation that breaks
the time-reversal symmetry (Onsager, 1931). Moreover, an isolator can be constructed using
circulators by impedance matching one of the ports. In this work, the objective is to show that
flexible rotating rings have the inherent property of breaking the symmetry of forward and
backward traveling waves producing a nonreciprocal response. Hence, they can be regarded as
the mechanical wave counterpart to the devices recently proposed and demonstrated in elec-
tromagnetism (Sounas et al., 2013), acoustics (Fleury et al., 2015), and nonlinear dynamics
(Liang et al., 2009; Boechler et al., 2011; Wang et al., 2015b). Indeed, the flexible rotating
ring is the mechanical analogue to the acoustic circulator proposed in Fleury et al. (2014).
In magneto-optical media, the magnetic field interacts with light, as a result of the Faraday
phenomenon, which splits the spectral lines, resulting in Zeeman’s electronic effect (Cohen-
Tannoudji et al., 1991). In acoustic media, angular momentum due to rotational fluid movement
induce nonreciprocity by splitting the resonance frequencies of an acoustic cavity. Here, the
Coriolis forces acting on the ring split the elastic waves and induce high interference phenom-
ena.
The first realization of a nonreciprocal elastic wave device was the object of a patent de-
posed by Comstock (1966). It consists of a magnetized disk of ferromagnetic material having
gyromagnetic properties. Recently, the Coriolis effect was used to break the time-reversal sym-
metry in topological active metamaterials. By using gyroscopes attached to a honeycomb lattice
structure, one-way longitudinal and transverse wave propagation immune to backscattering is
obtained (Wang et al., 2015a). For the same configuration, Nash et al. (2015) showed that gyro-
scopic metamaterials allow one-way wave propagation even in the presence of defects. Indeed,
the unidirectional transport is a result of topological mechanical modes, which are analogues to
the quantum Hall effect. Besides, Wang et al. (2015c) showed that a nonsymmetrical response
due to Coriolis forces can also be induced when a two-dimensional honeycomb lattice of masses
and springs is on constant rotation. Later, one-way propagation in beams and rods was achieved
using material modulation in time and space (Trainiti and Ruzzene, 2016).
The present work shows that the Coriolis effect can also induce time-reversal symmetry
breaking in a homogeneous and continuous flexible ring under rotation. The dynamics of a
flexible rotating ring was studied by many authors (Huang and Soedel, 1987a; Cooley and
Parker, 2015; Lee et al., 2016) motivated by the need of understanding gear and tire vibrations.
However, from the best of the authors knowledge, the nonreciprocal feature of such structures
and their use for the design of mechanical circulators have not been addressed so far.
This paper is organized as follows. In Section 3.2, the fundamental basis to demonstrate
that time-reversal symmetry is broken in flexible rotating rings is presented. The equations of
motion for an element of flexible rotating ring in an Eulerian reference frame, corresponding
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dispersion relations and dynamic stiffness matrix are shown. Using the spectral element (SE)
method, dispersion diagrams and forced response solutions are obtained. In Section 3.3, the
nonreciprocal mechanical circulator is studied, and analytical equations and numerical simula-
tions verifying the physical phenomenon are shown. More complex examples with waveguides
that can support longitudinal or flexural vibration are discussed in Section 3.4. Finally, in Sec-
tion 3.5, the conclusions are drawn. In addition, four appendices are included. In Section 3.6,
the equations of motion for a rotating ring are provided. In Section 3.7, the theoretical back-
ground to develop a spectral element from the equations of motion is presented. Free and forced
analytical solution for the rotating ring are showed in Section 3.8 and Section 3.9, respectively.
3.2 Wave Propagation in an Eulerian Reference Frame
3.2.1 Theoretical Background
(a) (b) (c)
Figure 3.1: Schematic representations of a flexible rotating ring supported on elastic foundation:
(a) 3D CAD view, (b) top view and (c) 2D model including reference axes, model parameters
which are defined in the Section 3.6; the distributed elastic foundation is represented by the
hatched area.
The use of an Eulerian (spatial) description is convenient to solve coupled mechanical
systems involving rotating parts, which is the case in this paper. In this section, the theoretical
formulation for the rotating ring (see Fig. 3.1) in an Eulerian reference frame is derived from
the Lagrangian equivalent description, which is briefly recalled in Section 3.6 for the purpose of
clarity. The governing equations of motion for a flexible rotating ring in a Lagrangian reference
system can be written in compact form as:
Mü + 2ΩGu̇ + (𝜌𝑅2Ω2C + K)u = q, (3.1)
where M, G, C and K are, respectively, the mass, gyroscopic, centrifugal and stiffness op-
erators, u is the vector of displacements, 𝜌 is the mass density, 𝑅 is the mean radius of the
centerline, Ω is the rotational speed, q is the vector of external loads, and the superscript (˙)
denotes 𝐷( )/𝐷𝑡 (see Eq.(3.14) in Section 3.6). In this description, the gyroscopic operator is
skew-self-adjoint, while the other operators are self-adjoint (see Eq.(3.15) in Section 3.6). By
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employing the material derivative, i.e. 𝐷( )/𝐷𝑡 = 𝜕( )/𝜕𝑡+𝑅Ω𝜕( )/𝜕𝑠 — where 𝐷 and 𝜕 de-
note, respectively, the derivatives with respect to the material (Lagrangian) reference frame and
to the spatial (Eulerian) reference frame —, the governing equations of motion can be rewritten
with respect to an Eulerian reference frame (Lee et al., 2016; Lai et al., 1999), as follows:
M𝜕𝑡𝑡u + 2Ω (𝑅M𝜕𝑠𝑡u + G𝜕𝑡u) + Ω
2𝑅2[M𝜕𝑠𝑠u + (2/𝑅)G𝜕𝑠u + 𝜌Cu] + Ku = q, (3.2)
where the partial derivatives with respect to 𝑡 and 𝑠 are expressed in compact form as 𝜕𝑡 and
𝜕𝑠, respectively. While the external load (q) are attached to the structure in the Lagrangian for-
mulation — i.e., they rotate with the ring —, in the Eulerian formulation, the vector of external
loads is fixed to a point in space — i.e., it is stationary while the ring rotates. In both reference
systems, the internal efforts are expressed in the same way (see Eq. (3.16) in Section 3.6). This
is because the time-dependence is implicit in the displacements.
3.2.2 Spectral Element Method
The physical phenomena addressed in this paper are demonstrated with the aid of numer-
ical experiments solved by the SE method. SE method is an analytical and discrete frequency-
based approach which can be used to obtain dispersion relations in the 𝜆(𝜔) complex form of
infinite systems as well as the forced response of finite systems (Doyle, 1997; Lee et al., 2007;
Mace et al., 2005b). The advantage of the 𝜆(𝜔) formulation for dispersion analysis com-
pared with 𝜔(ℜ{𝜆}) formulations such as the plane wave expansion method (Kittel and
McEuen, 2005) is that not only propagating wave solutions, but also evanescent and decay-
ing oscillatory ones are obtained. Herein, real and imaginary parts of wavenumbers correspond,
respectively, to propagating and evanescent components. In addition, by using the current wave
solutions and the same methodology presented in Beli et al. (2015) to derive the spectral element
matrix of a rotating ring in a Lagrangian reference frame, it is possible to obtain the spectral
dynamic stiffness matrix of the rotating ring element in an Eulerian reference frame. For the
sake of conciseness, the SE theoretical background is herein omitted, but it is described in Sec-
tion 3.7. By assuming a time-harmonic wave solution (Eq. (3.17) in Section 3.7) to the Eulerian
coupled governing equations of motion, Eq. (3.2), the dispersion relation for the rotating ring






2 + 𝑟1𝜆+ 𝑟0 = 0, (3.3)
where 𝑟6 = −𝐸𝐴𝐸𝐼𝑅2, 𝑟5 = 2𝐸𝐼𝜌𝐴𝑅3Ω𝜔, 𝑟4 = 𝐸𝐼(2𝐸𝐴 − 𝑅2𝑏𝑘𝑢 + 𝜌𝐴𝑅2𝜔2),
𝑟3 = 2𝜌𝐴𝑅Ω𝜔(𝐸𝐴𝑅
2 − 𝐸𝐼), 𝑟2 = (𝐸𝐼 + 𝐸𝐴𝑅2)(𝜌𝐴𝜔2 − 𝑏𝑘𝑤) − 4𝜌2𝐴2𝑅4Ω2𝜔2, 𝑟1 =
2𝜌𝐴𝑅Ω𝜔[𝑅2𝑏(𝑘𝑢 + 𝑘𝑤) −𝐸𝐴− 2𝜌𝐴𝑅2𝜔2] and 𝑟0 = −𝑅2𝑏2𝑘𝑢𝑘𝑤 +𝐸𝐴𝜌𝐴𝜔2 + 𝜌𝐴𝑅2𝑏(𝑘𝑢 +
𝑘𝑤)𝜔
2 + 𝜌2𝐴2𝑅2𝜔2(4Ω2 − 𝜔2). Six wavenumbers 𝜆 are obtained by solving this polynomial
63
equation for discrete angular frequencies 𝜔. Three of them are related to forward waves, herein
defined as 𝜆1, 𝜆2 and 𝜆3, and the remaining three, to backward waves, which are defined as 𝜆4,
𝜆5 and 𝜆6 — further information regarding the criterion to determine whether a wavenumber is
related to forward or backward waves is provided in Eq. (3.18) of Section 3.7. Then, using the
procedure described in Section 3.7 (Eq. (3.19)) with the current wave solution, the tangential








]︃ ̃︀Λu ̃︀A, (3.4)
where
̃︀Λu = diag [︁𝑒−i𝜆1𝑠, 𝑒−i𝜆2𝑠 𝑒−i𝜆3𝑠, 𝑒−i𝜆4(𝑠−𝑠0), 𝑒−i𝜆5(𝑠−𝑠0), 𝑒−i𝜆6(𝑠−𝑠0)]︁ ,̃︀A = [︁𝑎1, 𝑎2, 𝑎3, 𝑎4, 𝑎5, 𝑎6]︁𝑇 , ̃︀I = [︁1, 1, 1, 1, 1, 1]︁ and̃︀R = [︁𝛼1, 𝛼2, 𝛼3, 𝛼4, 𝛼5, 𝛼6]︁ ,
with 𝛼𝑛 = i[𝐸𝐼𝜆3𝑛 +𝐸𝐴𝜆𝑛 + 2𝜌𝐴𝑅
2Ω2𝜆𝑛− 2𝜌𝐴𝑅Ω(𝜔+𝑅Ω𝜆𝑛)]/[(−𝐸𝐼𝜆2𝑛/𝑅)−𝐸𝐴𝑅𝜆2𝑛−
𝜌𝐴𝑅3Ω2𝜆2𝑛 − 𝑏𝑅𝑘𝑢 + 𝜌𝐴𝑅(𝜔2 + 2𝑅Ω𝜆𝑛𝜔 +𝑅2Ω2𝜆2𝑛)], for 𝑛 = 1, . . . , 6.
Analogously, the internal efforts can be expressed in terms of the wave solutions, as in
Eq. (3.16) of Section 3.6. As mentioned before, the expressions of the external efforts, and,
consequently, those of the internal efforts, remain unaltered under changes of reference systems.
By evaluating the displacements (Eq. (3.4)) and internal efforts (Eq. (3.16)) at the ends of the
rotating curved beam element, 𝑠1 = 0 and 𝑠2 = 𝑠0, where 𝑠0 is the circumferential unit cell





𝜕𝑠̃︀Λu − (1/𝑅)̃︀R̃︀Λu)︁ |𝑠=0̃︀R̃︀Λu |𝑠=𝑠0̃︀Λu |𝑠=𝑠0(︁





(︁̃︀R𝜕𝑠̃︀Λu + (1/𝑅)̃︀Λu)︁ |𝑠=0
−𝐸𝐼
(︁
(1/𝑅)̃︀R𝜕𝑠𝑠̃︀Λu − 𝜕𝑠𝑠𝑠̃︀Λu)︁ |𝑠=0
𝐸𝐼
(︁
(1/𝑅)̃︀R𝜕𝑠̃︀Λu − 𝜕𝑠𝑠̃︀Λu)︁ |𝑠=0
𝐸𝐴
(︁̃︀R𝜕𝑠̃︀Λu + (1/𝑅)̃︀Λu)︁ |𝑠=𝑠0
𝐸𝐼
(︁
(1/𝑅)̃︀R𝜕𝑠𝑠̃︀Λu − 𝜕𝑠𝑠𝑠̃︀Λu)︁ |𝑠=𝑠0
−𝐸𝐼
(︁




̃︀U = [︁?̂?(0), ?̂?(0), 𝜓(0), ?̂?(𝑠0), ?̂?(𝑠0), 𝜓(𝑠0)]︁
=
[︁
?̂?1, ?̂?1, 𝜓1, ?̂?2, ?̂?2, 𝜓2
]︁
, and̃︀F = [︁−𝑇𝑢(0), −𝑇𝑤(0), +𝑇𝜓(0), +𝑇𝑢(𝑠0), +𝑇𝑤(𝑠0), −𝑇𝜓(𝑠0)]︁
=
[︁
𝑇𝑢1, 𝑇𝑤1, 𝑇𝜓1, 𝑇𝑢2, 𝑇𝑤2, 𝑇𝜓2
]︁
.
Finally, by eliminating the wave amplitude vector ̃︀A from the nodal spectral external
forces ̃︀F and displacements ̃︀U, the elementary dynamic stiffness matrix is obtained, and it is
expressed as D𝑒(𝑠0,𝜔) = HG−1. Using the spectral elements of curved beams formulated in
an Eulerian reference frame, a rotating ring subjected to fixed-point harmonic excitation can be
modeled and solved in the frequency domain.
3.2.3 Numerical Experiments
In the numerical experiments carried out in this paper, the ring (see Fig. 3.1) is made of
aluminium with 𝜌 = 2800 kg/m3 , ̃︀𝐸 = 70 GPa, structural damping 𝜂 = 0.01, complex elastic
modulus 𝐸 = ̃︀𝐸(1 + i𝜂), and it has the following geometric characteristics: 𝑅 = 50 mm,
ℎ = 2 mm and 𝑏 = 5 mm. In addition, the nondimensional angular frequency (i.e., excitation
frequency) and rotational speed are, respectively, 𝜔 = 𝑅𝜔/(2𝜋𝑐𝐿) and Ω = 𝑅Ω/(2𝜋𝑐𝐿), where
𝑐𝐿 =
√︁̃︀𝐸/𝜌 is the longitudinal wave speed in a straight rod. The nondimensional displacements
are given by 𝑢 = 𝑢/𝑅 and 𝑤 = 𝑤/𝑅. In this section, the ring is not supported on an elastic
foundation, thus 𝑘𝑢 = 𝑘𝑤 = 0. Moreover, the complex nondimensional wavenumber is 𝜇(𝜔) =
𝜆𝑠0.
Dispersion Diagram
The homogeneous ring considered in this paper is characterized by three wave modes
traveling in each direction, i.e., clockwise and counterclockwise. Two of them are associated
with radial vibration and one, with circumferential motion. In the undamped stationary condi-
tion, i.e., Ω = 0 and 𝜂 = 0, Fig. 3.2(a-b), the oscillating and evanescent components of the
forward (𝜇+) and backward (𝜇−) traveling waves are symmetric with respect to the 𝜔-axis. In
the case of an undamped and rotating ring, Ω ̸= 0 and 𝜂 = 0, Fig. 3.2(c-d), pairs of forward and
backward waves exhibit a nonsymmetrical propagating part, i.e. ℜ{𝜇+(𝜔)} ≠ ℜ{𝜇−(𝜔)}, and
a symmetrical evanescent part, i.e. ℑ{𝜇+(𝜔)} = ℑ{𝜇−(𝜔)}, which corresponds to the case of
partial asymmetry.
Fully asymmetric band diagrams, i.e., ℜ{𝜇+(𝜔)} ̸= ℜ{𝜇−(𝜔)} and ℑ{𝜇+(𝜔)} ̸=
ℑ{𝜇−(𝜔)}, are only achieved if some damping is present in the rotating ring (Ω ̸= 0 and 𝜂 ̸= 0),




Figure 3.2: Real (a, c) and imaginary (b, d) parts of the dispersion diagram in an Eulerian
reference frame for Ω = 0 and 𝜂 = 0 (a, b) and Ω = 0.002 and 𝜂 = 0 (c, d): forward (∙) and
backward(−) waves.
sufficient. This phenomenon is caused by the Coriolis acceleration, which mathematically im-
plies a skew-self-adjoint gyroscopic operator, and it can be observed in the dispersion diagrams
shown in Fig. 3.3. This feature leads to unusual dynamic responses that will be discussed in the
following sections.
Dynamic Analysis
In this section, the forced response of a rotating ring excited by a harmonic radial force,
stationary in the Eulerian reference frame, is analyzed. Results obtained via the SE method are
compared to analytical solutions via modal analysis (the analytical expressions for eigenfre-
quencies obtained via modal analysis are provided in Section 3.8). The response of the ring
measured at the excited point along the radial direction is shown by means of the Campbell dia-
gram in Fig. 3.4. As expected, results obtained via the SE method are in perfect agreement with
analytical eigenfrequencies computed with Eq. (3.21c) in Section 3.8. In the Eulerian descrip-
tion, strong bifurcations are observed due to the Coriolis acceleration enhanced by Doppler’s
effect. As a consequence, backward resonance modes concentrate at lower frequencies and for-




Figure 3.3: Real (a, c) and imaginary (b, d) parts of dispersion diagrams in Eulerian reference
frame for Ω = 0 (black), Ω = 0.001 (red) and Ω = 0.002 (blue) with 𝜂 = 0.01: forward (∙) and
backward(−) waves; (c) zoom in y-axis to [0, 5 10−3] and x-axis to [−1.5, 1.5], and (d) zoom
in y-axis to [0, 5 10−3] and x-axis to [−3 10−3, 3 10−3].
Figure 3.4: Campbell diagram of the magnitude of the forced response in an Eulerian reference
frame (colormap) and analytical eigenfrequencies (∘).
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on the rigid body mode due to its translational nature. Therefore, it always occurs at 𝜔 = 0.
The dynamic behavior presented in the Campbell diagram is in accordance with the degener-
ate frequency response observed in other circulators and with the electronic Zeeman’s effect
(Cohen-Tannoudji et al., 1991). This is sufficient evidence that the elastic rotating ring can also
be viewed as a mechanical meta-atom analogue to the Zeeman’s atom.
3.3 Nonreciprocal Circulator
In this section, the dynamic analysis of the flexible rotating ring, or mechanical meta-
atom, is performed with the aim of demonstrating its nonreciprocal behavior. Nonlinear bifur-
cation and centrifugal hoop stress are two important effects present in the elastic ring which
make it different from its optical, magnetic, and acoustic circulator analogues. Circulators usu-
ally present three or four ports that are equally distributed along the circumference — i.e, at
each 120∘ or 90∘, respectively. The former case is considered in this work. Herein the ports lo-
cated at 0∘, +120∘ and −120∘ are named as port 1, port 2 and port 3, respectively (see Fig. 3.5).
We look for a solution where the transmission is always unidirectional and between adjacent
ports, i.e., mechanical energy may flow from port 1 to port 2, from port 2 to port 3 and from
port 3 to port 1, but not in the opposite sense, as shown in Fig. 3.5.
(a) (b) (c)
Figure 3.5: Circulator with three ports evenly distributed along the ring circunference (120∘ of
angular separation): (a) input at port 1, (b) input at port 2 and (c) input at port 3. Energy flow
consideration is depicted.
3.3.1 Analytical Analysis
In this section, the aim is to provide a deep physical insight about the circulator dynam-
ics through simple analytical expressions. Analytical developments for the computation of the
forced response of a mechanical circulator in the Eulerian reference system via mode superpo-
sition are provided in Section 3.9. In the analysis carried out in this section, we assume that
a radial force — harmonic in time and Dirac delta in space — is applied at port 1. Using Eq.
(3.28) from 3.9.1, for a spectrum region dominated by a set of degenerate modes +𝑚 and −𝑚,
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with 𝜃𝑚 = (2𝜋/3)𝑚 and 𝛼𝐼 = −𝛽𝐼 (see Eq. (3.32) in 3.9.1).
As shown in Eq. (3.32), the amplitude coefficients 𝛼 and 𝛽 can be expressed in terms
of the ring rotational speed (Ω). Then, from these expressions it follows that 𝛼 = 𝛽 when
the ring is stationary (Ω = 0). Considering this relation in Eq. (3.6), one may conclude that
the responses at output ports are reciprocal as expected. The dynamics of the ring changes
considerably under rotation (Ω ̸= 0). In the absence of damping (𝜂 = 0), 𝛼 and 𝛽 must be real,
but distinct (this follows again from Eq. (3.32) in Eq. 3.9.1). In other words, the output/input
ratios relative to ports 2 and 3 would have the same amplitude, but a nonzero phase difference,
which characterizes a partial nonreciprocal behavior. A truly nonreciprocal behavior — i.e.,
output ports with different amplitude ratios — occurs when some damping is present and the
ring is under rotation (Ω ̸= 0 and 𝜂 ̸= 0). In this case, the amplitude coefficients must be
complex and distinct. It is important to notice that the nonreciprocal response of the circulator
is directly related to the asymmetric feature of the wavenumbers: both occur under the same
circumstances, i.e., for 𝜂 ̸= 0 and Ω ̸= 0. The amount of damping is irrelevant, provided it is
not zero.
In the acoustic meta-atom or equivalent systems, the transmission and isolation depend
on the amplitude decay rate that is associated to the quality factor 𝑄 (Sounas and Alù, 2014). In
structural vibration, the 𝑄-factor is governed by damping, which, by introducing a spatial phase
difference between the degenerate modes 𝑚, produce a nonsymmetrical interference between
them, thus giving rise to the nonreciprocal response at the output ports. However, when the
motion of a damped rotating ring is dominated by modes 3𝑝, with 𝑝 = 1,2, . . . , a reciprocal
response is observed. The reciprocity in this case is assured because sin 𝜃𝑚 in Eq. (3.7) becomes
zero for these modes, of which the ranks are multiples of 3.
The analytical formulation can also be used to predict the optimal speed, i.e., the ring
rotational speed at which total transmission and complete isolation occur at the output ports.
This situation is mathematically expressed as:
|?̂?+120∘/?̂?0∘ | = 1 and |?̂?−120∘/?̂?0∘| = 0, or (3.8a)
|?̂?+120∘/?̂?0∘ | = 0 and |?̂?−120∘/?̂?0∘| = 1. (3.8b)
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From Eq. (3.7), the conditions for isolation are:
𝛼𝑅 + 𝛽𝑅 = ±2
√︀
(3)𝛼𝐼 and (3.9a)
𝛼𝑅 − 𝛽𝑅 = 0, (3.9b)
the sign ± depends on the mode rank 𝑚. As discussed before, the second relation for isolation,
Eq. (3.9b), occurs at Ω = 0. Indeed, for low flexural modes and at low rotational speed when the
behavior is asymptotic around Ω = 0, one can assume (𝛼𝑅−𝛽𝑅) ≈ 0, as it can be verified in Fig.
3.6. For this frequency range, if one assumes also that (𝛼𝑅 + 𝛽𝑅)2 = 1 and 𝛼𝑅 and 𝛽𝑅 satisfy
the first condition for isolation, Eq. (3.9a), the imaginary part of the amplitude coefficients must
be 𝛼𝐼 = 1/(2
√
3) and 𝛽𝐼 = −1/(2
√
3). Then, replacing these values in Eq. (3.7), the following
holds:
|?̂?+120∘/?̂?0∘| = 1 and |?̂?−120∘/?̂?0∘| = 0, for 𝑚 = 3𝑝+ 1, (3.10a)
|?̂?+120∘/?̂?0∘| = 0 and |?̂?−120∘/?̂?0∘| = 1. for 𝑚 = 3𝑝− 1, (3.10b)
with 𝑝 = 1, 2, . . . .
(a) (b)
Figure 3.6: (a) Magnitude of (𝛼𝑅 − 𝛽𝑅) and (b) magnitude of 𝜑(Ω) in Eq. (3.11) as a function
of Ω for 𝑚 = 2 (green), 𝑚 = 5 (red) and 𝑚 = 8 (blue).
The optimal rotational speed corresponds to the rotational speed at which the optimal
transmission/isolation occurs. This value can be estimated by solving the polynomial equation
that results from Eq. (3.32) (see 3.9.1) when the optimal value of 𝛼𝐼 is considered, i.e.:
𝜑(Ω) = 𝑓 𝐼5 Ω
5 − 𝛼𝐼𝑔4Ω4 + 𝑓 𝐼3 Ω3 − 𝛼𝐼𝑔2Ω2 + 𝑓 𝐼1 Ω − 𝛼𝐼𝑔0 = 0 (3.11)
This polynomial equation is solved numerically and the smallest positive real root corresponds
to the optimal rotational speed Ω𝑜𝑝𝑡 for a given degenerate natural angular frequency 𝜔𝑜𝑝𝑡.
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3.3.2 Spectral Element Simulation
(a) (b)
Figure 3.7: Optimal excitation frequency (a) and rotational speed (b) as function of the mode
rank for ℎ/𝑅 = 0.02 (blue), ℎ/𝑅 = 0.04 (red) and ℎ/𝑅 = 0.06 (black); computed using the
analytical (∙) and SE (− ⋆−) formulation.
(a) (b)
Figure 3.8: Optimal excitation frequency (a) and rotational speed (b) as function of the mode
rank for 𝜂 = 0.0025 (blue), 𝜂 = 0.01 (red) and 𝜂 = 0.025 (black); computed using the analytical
(∙) and SE (− ⋆−) formulation.
Figure 3.9: Forced response of the circulator measured at ports 1 (green), 2 (red) and 3 (blue)
when the excitation is applied at port 1.
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Using the SE method, the exact forced response — within the extent of the theory under
consideration — of the proposed device is computed. Furthermore, the SE provides a straight-
forward way to obtain analytical solutions of more complex systems by assembling the dynamic
stiffness matrices of several spectral elements. To begin with, the optimal excitation angular fre-
quency and optimal rotational speed (𝜔𝑜𝑝𝑡 and Ω𝑜𝑝𝑡, respectively) estimated from the analytical
expressions and computed via the SE method for various values of aspect ratio (ℎ/𝑅) and struc-
tural damping (𝜂) are shown in Fig. 3.7 and Fig. 3.8, respectively. The analytical and SE results
are mostly in agreement. However, small deviations can be observed as the values of the aspect
ratio and structural damping rise. Notice that Ω𝑜𝑝𝑡 has a linear relation with the mode rank 𝑚.
Moreover, by increasing the aspect ratio, higher excitation frequencies and rotational speeds are
required to reach the optimal condition. On the other hand, by increasing the structural damp-
ing, the optimal condition is reached at a higher rotational speed, but roughly constant excitation
frequency.
Only one of the three possible configurations for the application of the input load is con-
sidered in this section: the one in which the input is applied at port 1 and outputs are measured
at ports 2 and 3, see Fig. 3.5(a). The other possible configurations would lead to similar results,
but with a phase difference of 120∘ with respect to the position of measured responses. The
forced response computed by the SE method is showed in Fig. 3.9. As predicted by analytical
equations, a reciprocal result is obtained at output ports for modes with rank 3𝑝, 𝑝 = 1,2 . . . .
Moreover, when the excitation is applied at port 1, the vibration is transmitted to port 2 for
modes of rank 3𝑝 + 1 while port 3 remains isolated. The opposite situation — i.e., vibration is
transmitted to port 3 while port 2 remains isolated — occur for modes of rank 3𝑝− 1.
(a) (b) (c)
Figure 3.10: For a range of excitation frequencies around mode 4, map plot of radial displace-
ment measured at port 1 (a), port 2 (b) and port 3 (c).
The computational efficiency of the SE method compared, for instance, with the finite
element method, allows an extensive study of the dynamic response of the circulator for ranges
of excitation frequency and rotational speed. Maps of excitation frequency by rotational speed,
dynamic response in amplitude and phase, and transmission coefficients, 𝑆𝑖𝑜 = |𝑤𝑜/𝑤𝑖|, where
𝑤𝑜 is the radial displacement at the output port and 𝑤𝑖 is the radial displacement at the input
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(a) (b) (c)
Figure 3.11: For a range of excitation frequencies around mode 4 and Ω = 2.19 10−5, radial
displacement amplitude (a), phase (b) and transmission coefficients (c): port 1 (green), port 2
and |𝑆12| (red), port 3 and |𝑆13| (blue).
port, were computed. For intervals of normalized excitation frequencies 𝜔 around the natural
angular frequencies relative to modes 𝑚 = 4 and 𝑚 = 5, the radial displacement responses
for a range of normalized rotational speeds Ω and transmission coefficients (𝑆𝑖𝑜 = |𝑤𝑜/𝑤𝑖|)
are computed, see Figs. 3.10–3.11 and Figs. 3.12–3.13, respectively. For the frequency range
around the natural frequency relative to 𝑚 = 4, the map for port 3 shows a minimum response
at 𝜔 = 0.02674 and Ω = 2.19 10−5. As expected, at this optimal point, the transmission coeffi-
cients are |𝑆12| = 1 and |𝑆13| = 0. For small to moderate fluctuations of the excitation frequency
and rotational speed around the optimal values, |𝑆12| decreases while |𝑆13| increases, but the cir-
culator behavior is quite robust to such variations. For stronger deviations, |𝑆12| approximates
|𝑆13| and the response becomes reciprocal. When the dynamic response of the circulator is ana-
lyzed around the natural frequency relative to𝑚 = 5, the map for port 2 shows a minimum value
at 𝜔 = 0.04325 and Ω = 2.71 10−5. At this point, the transmission coefficients are |𝑆13| = 1
and |𝑆12| = 0. As in the previous case, deviations from the optimal point show similar behavior
at the three ports. It should be noted that, for a given damping level, whatever its value is,the
tuning may be achieved by varying the rotational frequency and the excitation frequency.
(a) (b) (c)
Figure 3.12: For a range of excitation frequencies around mode 5, map plot of radial displace-
ment measured at port 1 (a), port 2 (b) and port 3 (c).
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(a) (b) (c)
Figure 3.13: For a range of excitation frequencies around mode 5 and Ω = 2.71 10−5, radial
displacement amplitude (a), phase (b) and transmission coefficients (c): port 1 (green), port 2
and |𝑆12| (red), port 3 and |𝑆13| (blue).
In both analyses — i.e., responses dominated by modes 4 and 5 —, at the optimal con-
dition, the isolated output port displacement has a phase change passing through 0, while the
phase difference between input and output transmission ports is 𝜋. Notice that the radial ref-
erence system is pointing outwards, see Fig. 3.1; therefore, as expect, an input pointing in-
wards produces an output displacement pointing outwards. In addition, except for modes of
rank 3𝑝 with 𝑝 = 1, 2, 3, . . . , which exhibit a reciprocal response, and for 𝑚 = 1, when the
degenerate modes do not split, the scattering matrix 𝑆 at the optimal condition is nonsymmetric,
and given by:
𝑆 =
⎡⎢⎣𝑆11 𝑆12 𝑆13𝑆21 𝑆22 𝑆23
𝑆31 𝑆32 𝑆33
⎤⎥⎦ =
⎡⎢⎣0 1 00 0 1
1 0 0
⎤⎥⎦ , (3.12)
where 𝑆11, 𝑆22 and 𝑆33 have the meaning of reflection coefficients, and 𝑆12, 𝑆13, 𝑆21, 𝑆23, 𝑆31
and 𝑆32 have the meaning of transmission coefficients. This S-matrix is consistent with the
circulator theory and the nonreciprocal system definition (Maznev et al., 2013).
(a) (b)
Figure 3.14: For a range of excitation frequencies around mode 4 with Ω = 2.19 10−5 (a),
and around mode 5 with Ω = 2.71 10−5 (b), circumferential displacement response: at port 1
(green), port 2 (red), and port 3 (blue).
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The optimal transmission/isolation behavior discussed above for the case of radial input
and output measurements cannot be guaranteed on the circumferential direction. For a radial
excitation at the optimal rotational speed, Ω𝑜𝑝𝑡, circumferential displacements are also computed
for responses dominated by modes 𝑚 = 4 and 𝑚 = 5 and shown in Fig. 3.14. Although
the output ports exhibit a nonreciprocal response in this direction, isolation is not observed.
Therefore, application devices that take advantage of the isolation feature must be designed
to receive and transmit vibration mainly on the radial direction, this constraint will be further
discussed in Section 3.4.
Figure 3.15: Transmission coefficients for a range of frequencies around mode 5 for 𝜂 = 0 and
Ω = 0 (o), 𝜂 = 0.05 and Ω = 1.34 10−4 (– –), 𝜂 = 0.10 and Ω = 2.91 10−4 (—), and 𝜂 = 0.20
and Ω = 7.34 10−4 () at port 1 (green), port 2 (red) and port 3 (blue) when the excitation is
applied at port 1.
A high Q-factor is usually required in circulators, as the ones proposed for electromag-
netic and acoustical applications (Sounas et al., 2013; Yu and Fan, 2009). In mechanics, this
condition corresponds to a small value of structural damping 𝜂. As shown in previous results,
the proposed mechanical circulator works well for 𝜂 = 0.01. In Fig. 3.15, the effect of damping
in the circulator is analyzed for 𝜂 = [0, 0.05, 0.10, 0.20]. Fig. 3.15 shows that the nonreciprocal
behavior is verified for 𝜂 ̸= 0, and the high transmission/complete isolation condition is also
observed for 𝜂 = 0.05. However, by increasing 𝜂 to 0.10, although the isolation port condition
continues to be satisfied, the transmission port response is considerably degraded. As a matter
of fact, although most engineering materials exhibit internal damping factor below 0.10, one
should be aware that damping is critical for the performance of the mechanical circulator.
3.3.3 Elastic Foundation
In real applications, rotating rings are not usually free in space, but mounted on a shaft
supported in an elastic foundation and subjected to a controlled torque. For this reason, in this
section we study the influence of this elastic support on the nonreciprocal behavior of rotating
rings. Herein, the elastic support is represented by distributed springs in the radial and tangen-
tial directions. The additional terms introduced by the consideration of such springs have been
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(a) (b) (c)
Figure 3.16: Forced response of the circulator supported on an elastic foundation with 𝑘𝑢 =
𝑘𝑤 = 1 GN/m3 and Ω = 2.44 10−5 (a) and zoom for a range of frequencies around mode 5
(b) as well as the corresponding transmission coefficients (c) measured at port 1 (green), port 2
(red) and port 3 (blue) when the excitation is applied at port 1.
(a) (b)
Figure 3.17: Effect of the elastic foundation on the optimal excitation frequency (a) and rota-
tional speed (b) for: 𝑘𝑢 = 𝑘𝑤 = 0 (blue), 𝑘𝑢 = 𝑘𝑤 = 0.5 GN/m3 (red), and 𝑘𝑢 = 𝑘𝑤 = 5 GN/m3
(black); computed by solving Eq. (3.11) (∙) and SE (− ⋆−) simulation.
added to both analytical and SE formulations. It is assumed that the elastic support is homoge-
neous and uniform, and, for the sake of simplicity, the stiffness in both directions is assumed
equal, 𝑘𝑢 = 𝑘𝑤. Its effect in the dynamic response is to shift resonances to higher frequencies,
especially for low mode ranks including the rigid body mode (see Fig. 3.16), which under this
effect occurs at 𝜔RBM =
√︀
𝑘ef/𝑚ring — where 𝑚ring is the ring mass and 𝑘ef is the equiva-
lent elastic foundation stiffness. Nevertheless, it does not hinder the non reciprocal behavior of
the rotating ring, and does not influence the isolation/transmission coefficients, as it observed
in Fig. 3.16(b-c). Moreover, for a given mode 𝑚, while the optimal excitation frequency 𝜔𝑜𝑝𝑡
increases with the elastic stiffness, the optimal rotational speed Ω𝑜𝑝𝑡 decreases, see Fig. 3.17.
The results obtained by solving Eq. (3.11) and via SE simulation are also in agreement for the
flexible rotating ring supported on an uniform elastic foundation.
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3.4 Coupled System Analysis
In this section, the effect of the nonreciprocal response of the circulator when it is part
of a more complex mechanical system is investigated. Herein, we assume that a waveguide
is connected to each circulator port by elastic bearings, which are modeled by springs. The
transmission of vibration from source to receptor through the ring is investigated in terms of
displacements and energy.
(a) (b)
Figure 3.18: Coupled systems: (a) configuration 1 - mechanical circulator with waveguides that
support longitudinal vibration, (b) configuration 2 - mechanical circulator with waveguides that
support flexural vibration.
If the waveguide inertia is negligible compared to the inertia of ring, the analysis per-
formed in Section 3.3 would be enough to describe the dynamic response of the coupled system.
However, this assumption is not always valid, and the waveguide modifies the dynamic response
and, consequently, the optimal angular frequency and rotational speed for nonreciprocity. Two
configurations will be analyzed in the present section: one in which the connected waveguides
support only longitudinal vibrations (see Fig. 3.18 (a)), and a second one in which the waveg-
uides work as beams and are subjected to flexural vibrations (see Fig. 3.18 (b)). In both cases,
only radial vibration transmission from the ring is allowed, and the waveguides are supposed
to be stationary. The flexible rotating ring equations are solved in an Eulerian reference frame,
as this allows straightforward consideration of the interaction with stationary structures. In ad-
dition, coupled systems are easily solved via the SE formulation, in which coupling conditions
are automatically satisfied by the superposition of dynamic stiffness matrices. Moreover, the
waveguide-ring contact is assumed to be ideal, and is modeled by linear springs (Cooley and
Parker, 2015), so that vibration is perfectly transmitted from one structure to another, without
dissipation.
The waveguides used in the numerical experiment are also made of aluminum with damp-
ing loss factor 𝜂 = 0.01, and the geometric characteristics are: length 𝑙𝑣 = 6𝑅, width 𝑏𝑣 = 5 mm
and thickness ℎ𝑣 = 5 mm. The spring connecting each waveguide to the ring port has stiffness
𝑘𝑐 = 5 10




Figure 3.19: (a) Displacement responses at the end of waveguides connected to port 1 (green),
port 2 (red), and port 3 (blue) for configuration 1 with Ω𝑜𝑝𝑡 = 13.12 10−5, and (b) displacement
responses of a free-free bar excited longitudinally at one end: at the non-excited end (black) and
at the excited end (orange).
(a) (b) (c)
Figure 3.20: Dynamic response (a), phase difference (b) and output/input displacement ratio
(c) at the end of waveguides connected to port 1 (green), port 2 (red) and port 3 (blue) for
configuration 1 with Ω𝑜𝑝𝑡 = 13.12 10−5.
In the first case treated, a longitudinal excitation is applied at the free end of the waveg-
uide connected to port 1 and longitudinal displacements are measured at the end of the three
waveguides that are connected to the ring. The results are presented in Fig. 3.19 (a). Notice that,
as the response is measured at the waveguides, the nonreciprocal behavior, although observed,
is modulated by the dynamic response of the bars (see Fig. 3.19 (b)). Moreover, the optimal
transmission/isolation condition is observed within frequency bands dominated by the ring vi-
bration (see Fig. 3.20 (a) and (b)). For 𝜔𝑜𝑝𝑡 = 0.08464, which is a region dominated by a bar
resonance and the 7th ring mode, and for Ω𝑜𝑝𝑡 = 13.12 10−5, |𝑆12| ≈ 1 at port 2 and |𝑆13| = 0
at port 3, the phase difference between the responses at ports 1 and 2 being approximately 𝜋.
In the second case treated, a flexural excitation is applied at the free end of the waveguide
connected to port 1 and flexural displacements are also measured at the ends of the three waveg-
uides that are connected to the ring, Fig. 3.21 (a). As in the previous example, the nonreciprocal
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response is observed within frequency bands in which the ring vibration dominates, and the
response is modulated by the beam dynamics (see Fig. 3.21 (b)). In this case, the transmission
coefficients obtained within a frequency band dominated by the beam resonance and the 5th ring
mode — 𝜔𝑜𝑝𝑡 = 0.04287 — are |𝑆13| ≈ 0.95 at port 2 and |𝑆12| = 0 at port 3 for Ω = 3.48 10−5.
The phase difference between port 1 and port 3 in this case is also approximately 𝜋.
In general, for both cases, nonreciprocal responses are also obtained when waveguides
are connected to the circulator, thus, producing |𝑆𝑖𝑜| ≈ 1 at the transmission port and |𝑆𝑖𝑜| ≈ 0
at the isolation port. It is important to notice that the nonreciprocal behavior becomes more
robust when the optimal excitation frequency of the ring coincides with a resonant frequency of
the waveguide as shown in the results of this section. Moreover, the required optimal rotational
speed increases with the waveguide inertia.
(a) (b)
Figure 3.21: (a) Displacement responses at the end of waveguides connected to port 1 (green),
port 2 (red), and port 3 (blue) for configuration 2 with Ω𝑜𝑝𝑡 = 3.93 10−5, and (b) displacement
responses of a free-free beam excited transversely at one end: non-excited end (black) and
excited end (orange).
(a) (b) (c)
Figure 3.22: Dynamic response (a), phase difference (b) and output/input displacement ratio
(c) at the end of waveguides connected to port 1 (green), port 2 (red) and port 3 (blue) for




Figure 3.23: Power flow as a function of the excitation frequency (a,c) measured at the end
of waveguides connected to port 1 (green), port 2 (red) and port 3 (blue) for a specific Ω𝑜𝑝𝑡,
and power flow distribution throughout the coupled system for specific values of Ω𝑜𝑝𝑡 and 𝜔𝑜𝑝𝑡
(b,d): (a,b) configuration 1 - Ω𝑜𝑝𝑡 = 13.12 10−5 and 𝜔𝑜𝑝𝑡 = 0.08464; (c,d) configuration 2 -
Ω𝑜𝑝𝑡 = 3.93 10
−5 and 𝜔𝑜𝑝𝑡 = 0.04287.
3.4.2 Vibrational Power Flow and Energy Density Analysis
In the previous section, the forced responses of the coupled system in terms of displace-
ments were analyzed. Similar analyses can be performed in terms of energy and provides more
physical insight. For harmonic motion, the time-averaged flow of vibrational energy in the bar,




𝑗}, where 𝑣𝑗 is the displacement/rotation
degree of freedom and 𝑇𝑗 is the associated internal efforts on the cross-section (Ahmida and
Arruda, 2001; Langley, 1990). The energy density in the waveguides can also be computed.
For a bar which supports only longitudinal motion, as in configuration 1, the kinetic and po-





𝐸𝐴𝑣(ℜ{𝜕𝑣/𝜕𝑥})2, where 𝐴𝑣 is the cross-section area. For a beam supporting flex-
ural motion, as in configuration 2, the kinetic and potential energies per unit length are, respec-
tively, 𝐾𝐸𝑏𝑒𝑎𝑚 = 12𝜌𝐴𝑣(ℜ{𝜕𝑣/𝜕𝑡})
2 and 𝑃𝐸𝑏𝑒𝑎𝑚 = 12𝐸𝐼𝑣(ℜ{𝜕
2𝑣/𝜕𝑥2})2, where 𝐼𝑣 is the
area moment of inertia. Moreover, the total energy density is given by the sum of kinetic and
potential components, 𝐸𝑣 = 𝐾𝐸𝑣 + 𝑃𝐸𝑣 (Lee et al., 2007).
The results are computed for the same geometries and excitations considered in the pre-
vious subsection. The vibrational power flow in dB — with 𝑃𝐹 = 𝑃𝐹/𝑃𝐹𝑟𝑒𝑓 and 𝑃𝐹𝑟𝑒𝑓 = 1
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(a) (b)
Figure 3.24: Energy density ratio as a function of excitation frequency computed at the end of
waveguides connected to port 2 (red) and port 3 (blue): (a) configuration 1 at Ω𝑜𝑝𝑡 = 13.12 10−5,
(b) configuration 2 at Ω𝑜𝑝𝑡 = 3.93 10−5.
W — for configurations 1 and 2 are shown in Fig. 3.23. As expected, for both configurations,
the energy does not flow at the isolation port where |𝑣| = 0. At the transmission port, |𝑣𝑜| ≈ |𝑣𝑖|
with a phase difference of approximately 𝜋 (see Fig. 3.20 and Fig. 3.22). Therefore, the vibra-
tional energy that enters the circulator via port 1 leaves it through the output transmission port
(see Fig. 3.23 (b) and (d)). As a result, along the ring, the energy flow is higher between the
input and transmission ports. Between the isolation and the other two ports, the energy flow de-
creases and reaches its minimum at the isolated port. These results show clearly the direction of
energy propagation through the coupled system — i.e., mechanical circulator and waveguides
— and it is in agreement with the dynamic analysis in the previous section.
Results in terms of energy density are presented in Fig. 3.24. As in the dynamic analysis,
results are expressed in terms of a ratio of quantities, in this case, the energy density measured at
the free end of the waveguides connected to an output and the input port of the ring. As it can be
observed, the transmission and isolation are again associated to the unity and zero, respectively,
as expected.
It is also important to notice that semi-infinite waveguides connected to the mechanical
circulator will include an imaginary part in the dynamic response of the ports. This is similar
to an extra damping effect, which can degrade the transmission condition depending on the
material/geometry of the circulator as well as on the waveguides working on longitudinal or
flexural behavior. Therefore, for the hypothetical semi-infinite waveguide case, the structural
damping becomes more important to design the circulator and a small loss factor 𝜂 is preferable
to guarantee high transmission coefficients.
3.5 Conclusions
This work provides the theory for a mechanical circulator by using a flexible rotating ring
that breaks the time-reversal symmetry. The Coriolis acceleration is responsible for splitting
the degenerate modes that interfere at the different output ports to produce the nonreciprocal
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response. The SE method was used to compute the dispersion diagrams and to perform the
full dynamic analysis of the rotating ring in an Eulerian reference frame. A complete dynamic
nonreciprocal response, with different transmission coefficients at distinct output ports, is re-
lated to complete asymmetry for oscillating and evanescent parts of the wavenumbers obtained
for rotating cases with material damping, as predicted by the Onsager-Casimir Principle (On-
sager, 1931; Casimir, 1945). The optimal rotational speed for maximum difference in transmis-
sion coefficients at different output ports was computed by analytical equations and compared
with SE results for the flexible ring with elastic foundation. The influence of the waveguide,
which can support either longitudinal or flexural vibration, was shown in more complex exam-
ples. Waveguides connected to the rotating ring decrease the transmission coefficient values,
but the complete isolation in one of the output ports is always respected. In these complex sys-
tems, higher transmission values can be obtained for frequency bands dominated by waveguide
resonances. In addition, the SE method was used to build the complex structures in a straightfor-
ward way by using the superposition of dynamic stiffness matrices. This was possible because
the rotating ring equations were described in an Eulerian (space-fixed) reference frame. The
proposed device is largely tunable from lower to higher frequencies and provide a compact and
nonmagnetic solution to construct a switch (energy rectification), an isolator or a circulator for
elastic waves. This mechanical meta-atom may open new possibilities in the research on elastic
wave propagation, including vibration control, energy harvesting, and sensing. The experimen-
tal realization of such a device is challenging, as it involves moving parts and connecting these
to stationary waveguides. However, the analyses presented in this work indicate that this should
be possible.
3.6 Appendix A: Governing Equations of Motion in a Lagrangian reference
frame
Figure 3.25: Schematic of a differential element of flexible rotating ring.
In this work, the one-dimensional ring element is based on the in-plane Euler-Bernoulli
beam theory. The assumptions are that plane sections remain plane after deformation, the
centroid of each cross-section is located in the centerline, and the aspect ratio is small, i.e.
ℎ/𝑅 < 0.1. These assumptions imply that transverse shear deformation and rotary inertia ef-
fects can be negligible, which is not important for lower-order bending modes. Therefore, a sig-
nificant strain is only possible in the circumferential direction. The general extensional-flexural
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coupled equations of motion for a rotating ring, Fig. 3.1, described in Lagrangian reference
frame can be obtained upon application of Hamilton’s Principle (Huang and Soedel, 1987a;









































where 𝑢 and 𝑤 are, respectively, the tangential and radial centerline displacements, 𝐸 = ̃︀𝐸(1 +
i𝜂) is the dynamic elastic modulus, where 𝜂 is the structural damping and ̃︀𝐸 is the elastic
modulus, 𝜌 is the mass density, 𝐼 = 𝑏ℎ3/12 is the second moment of area, 𝐴 = 𝑏ℎ is the
rectangular cross-sectional area, 𝑅 is the mean radius of the centerline, ℎ is the beam height,
𝑏 is the beam width, Ω is the rotational speed, 𝑘𝑢 and 𝑘𝑤 are the elastic foundation stiffness
coefficients, 𝑞𝑢 and 𝑞𝑤 are, respectively, the radial and tangential external loads per unit length.
In addition, 𝑠 is the circumferential coordinate along the centerline and 𝑡 is the time variable;
the derivatives with respect to 𝑠 and 𝑡 are represented, respectively, by 𝜕( )/𝜕𝑠 = ( ′ ) and
𝐷( )/𝐷𝑡 = ( ˙ ). Besides, 𝜓 = 𝜕𝑤/𝜕𝑠 − 𝑢/𝑅 is the angle of rotation due to bending, and
the terms 𝜌𝑅2Ω2 and 2Ω[𝐷( )/𝐷𝑡] are associated to the centrifugal hoop stress and Coriolis
acceleration, respectively. In compact form, Eq. (3.13) can be written as follows:














































In addition, the internal efforts (see Fig. 3.1) are also obtained from Hamilton’s principle and




















Here, 𝑇𝑢 corresponds to the normal force, 𝑇𝑤 to the transverse shear force, and 𝑇𝜓 to the bending
moment.
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3.7 Appendix B: Spectral Element Method: Theoretical Background
The Spectral Element (SE) formulation, as proposed by Doyle (Doyle, 1997), Lee
(Lee, 2009) and Mace (Mace et al., 2005b), was applied to the analysis of rotating rings in
a Lagrangian frame of reference by the authors (Beli et al., 2015). This appendix provides the
general theory that was used to develop the spectral element of flexible rotating ring in an Eule-
rian frame of reference. The methodology assumes a spectral solution for the displacements and










where 𝜔 is the angular frequency, 𝜆 is the wavenumber, 𝑛 is the wave mode count, and i is
the imaginary number. By applying this wave propagation solution in the homogeneous system,
E(𝜆,𝜔)û(𝑠,𝜔) = 0 is achieved. By setting its determinant to zero, an analytical polynomial
equation of order 2𝑁 (det(E(𝜆,𝜔)) = 0), i.e. the dispersion relation, is obtained. Numeri-
cally solving this equation, 2𝑁 distinct frequency-dependent complex wavenumbers are found,
(1, 2 ... 𝑁 ) correspond to number of waves that propagate in the forward direction and other
(𝑁 + 1, 𝑁 + 2, ... 2𝑁 ) correspond to waves that propagate in the backward direction. The
condition for forward travelling propagation:
ℑ{𝜆} < 0 or ℜ{𝜕𝜆/𝜕𝜔} < 0 if ℑ{𝜆} = 0. (3.18)
The normalized eigenvector associated with each wavenumber is Φ𝑛 = [𝛼𝑛 1]𝑇 , where 𝛼𝑛 is
the amplitude ratio for each wave mode. Then, for each frequency, displacements and internal



















𝑎1, ... 𝑎𝑁 , 𝑎𝑁+1, ... 𝑎2𝑁
]︁𝑇
.
For a finite element of length 𝑠0, Eq. (3.17) must satisfy the geometric and natural bound-
ary conditions at end nodes 𝑠 = 0 and 𝑠 = 𝑠0. The external nodal displacements are related to
the displacement fields by Û(𝑠,𝜔) = ΓGBû(𝑠,𝜔), where ΓGB is the linear differential operator
for the geometric boundary conditions. And the external nodal forces are related to the displace-
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ment fields by F̂(𝑠,𝜔) = ΓNBû(𝑠,𝜔), where ΓNB is the linear differential operator for the natural



















The dependence upon 𝜔 of the parameters in the latter expressions was hidden for the purpose
of brevity. Eliminating the wave amplitude vector A from Eq. (3.20) gives the dynamic stiff-
ness matrix, D(𝑠0,𝜔). And by replacing Eq. (3.20a) in Eq. (3.17), the interpolation functions,
N(𝑠,𝜔), which are used to compute the response at any point of the element, are obtained.
3.8 Appendix C: Analytical Modal Analysis
Flexural and extensional vibrations are coupled by the ring curvature. However, for low
order bending modes and low rotational speeds, inextensional deformation can be assumed,
which considers only flexural behavior and provides decoupled equations of motion (Huang and
Soedel, 1987a; Cooley and Parker, 2015). A stationary inextensional ring resonates at angular
frequencies 𝜔𝑠𝑡, Eq. (3.21a), with backward and forward mode shapes given by 𝑒±i𝑚
𝑠
𝑅 , where𝑚
is the mode rank (Huang and Soedel, 1987a). Under rotation, Ω ̸= 0, the stationary 𝑚th mode
splits nonlinearly with the rotational speed, which leads to degenerate modes at frequencies
𝜔𝑟𝑜𝑡𝐿, Eq. (3.21b), in the Lagrangian description (Huang and Soedel, 1987a), and 𝜔𝑟𝑜𝑡𝐸 , Eq.




































with 𝑝1 = 𝑚2𝐸𝐼/𝑅4 + 𝐸𝐴/𝑅2 + 2𝜌𝐴Ω2, 𝑝2 = 𝑚2(𝐸𝐼/𝑅4 + 𝐸𝐴/𝑅2 + 𝜌𝐴Ω2) + 𝑏𝑘𝑢 and
𝑝3 = 𝑚
4𝐸𝐼/𝑅4 + 𝐸𝐴/𝑅2 +𝑚2𝜌𝐴Ω2 + 𝑏𝑘𝑤.
However, the centrifugal hoop stress is not significant at low speeds. Indeed, for low
rotational speeds and 𝑚 ̸= 1, the rotating ring can be shown to be equivalent to a stationary ring
with a traveling load (Huang and Soedel, 1987b), in which vibration modes occur at angular
frequencies 𝜔𝑖𝑛𝑣 = 𝜔𝑠𝑡 ±𝑚Ω.
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3.9 Appendix D: Analytical Forced Response
The governing equations of motion, Eq. (3.13), describe the complete ring behavior and














where 𝑚 is the rank mode. In the case the ring is rotating, forward and backward mode contri-
butions are different; thus, the sum includes negative and positive terms. Replacing Eq. (3.22)














where, for the Eulerian reference frame
𝐿11 = 𝐸𝐼𝑅
−3𝑚2 + 𝐸𝐴𝑅−1𝑚2 + 𝜌𝐴𝑅Ω2𝑚2 +𝑅𝑏𝑘𝑢 − 𝜌𝐴𝑅(𝜔 +𝑚Ω)2,
𝐿22 = −𝐸𝐼𝑅−3𝑚4 − 𝐸𝐴𝑅−1 − 𝜌𝐴𝑅Ω2𝑚2 −𝑅𝑏𝑘𝑢 + 𝜌𝐴𝑅(𝜔 +𝑚Ω)2,
𝐿12 = 𝚤[−𝐸𝐼𝑅−3𝑚3 − 𝐸𝐴𝑅−1𝑚− 2𝜌𝐴𝑅Ω2𝑚+ 2𝜌𝐴𝑅Ω(𝜔 +𝑚Ω)],
𝐿21 = 𝐿12.
In order to obtain the analytical solution, Eq. (3.23) is multiplied on both sides by an





































By using the orthogonality relation,
2𝜋𝑅∫︀
0
𝑒i(𝑚−𝑚)𝑠/𝑅𝑑𝑠 = 2𝜋𝑅𝛿𝑚𝑚, where 𝛿𝑚𝑚 is the Kro-


















Considering only a radial harmonic force as excitation, 𝑞𝑢 = 0 and 𝑞𝑤 = 𝑄𝑤𝑚𝛿(𝑠 − 𝑠*),
where 𝛿 is the Dirac delta function and 𝑠* is the force position, the amplitude of the spatial
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where ∆ = 𝐿11𝐿22 − 𝐿12𝐿21 is the determinant of the matrix in Eq. (3.25).
3.9.1 Radial displacement as a function of the rotational speed
The analytical response can be written as a function of the rotational speed, 𝑤(𝑠) =
𝑤(𝑠,Ω) and 𝑢(𝑠) = 𝑢(𝑠,Ω). By considering the analytical displacements for a radial harmonic
excitation, Eq. (3.26), due to the degenerate modes𝑚, the spatial part of the radial displacement















where + and − indicates if the coefficient is evaluated at +𝑚 or −𝑚, respectively. Then, it is
















By assuming the degenerate frequency in which the optimal nonreciprocal response oc-
curs as the natural frequency of the stationary ring, Eq. (3.21a), — i.e., the bifurcation center at
low rotational speed —, and using Eq. (3.23), 𝐿-terms can expressed in terms of Ω:
𝐿+11 = −𝑙11,1Ω + 𝑙11,0, 𝐿+22 = +𝑙22,1Ω + 𝑙22,0, 𝐿+12 = i(𝑙12,1Ω + 𝑙12,0),
𝐿−11 = +𝑙11,1Ω + 𝑙11,0, 𝐿
−









where 𝑙11,1 = 2𝜌𝐴𝑅𝜔𝑠𝑡𝑚, 𝑙11,0 = 𝐸𝐼𝑅−3𝑚2 + 𝐸𝐴𝑅−1𝑚2 + 𝑅𝑏𝑘𝑢 − 𝜌𝐴𝑅𝜔2𝑠𝑡, 𝑙22,1 = 𝑙11,1,
𝑙22,0 = −𝐸𝐼𝑅−3𝑚4−𝐸𝐴𝑅−1−𝑅𝑏𝑘𝑤 +𝜌𝐴𝑅𝜔𝑠𝑡, 𝑙12,1 = 2𝜌𝐴𝑅𝜔𝑠𝑡 and 𝑙12,0 = −𝐸𝐼𝑅−3𝑚3−
𝐸𝐴𝑅−1𝑚.
The determinants can also be rewritten as a function of Ω:
∆+ = 𝐿+11𝐿
+
22 − 𝐿+12𝐿+21 = 𝑑2Ω2 + 𝑑1Ω + 𝑑0,
∆− = 𝐿−11𝐿
−
22 − 𝐿−12𝐿−21 = 𝑑2Ω2 − 𝑑1Ω + 𝑑0,
(3.30)








2 + 𝑒1Ω + 𝑒0,
𝐿+22∆
− = −𝑒3Ω3 + 𝑒2Ω2 − 𝑒1Ω + 𝑒0,
(3.31)
where 𝑒3 = −𝑙212,1𝑙22,1+𝑙11,1𝑙222,1, 𝑒2 = 𝑙212,1𝑙22,0−2𝑙12,0𝑙12,1𝑙22,1−𝑙11,0𝑙222,1, 𝑒1 = 2𝑙12,0𝑙12,1𝑙22,0−
𝑙11,1𝑙
2
22,0 − 𝑙212,0𝑙22,1 and 𝑒0 = 𝑙212,0𝑙22,0 + 𝑙11,0𝑙222,0. Thus, 𝐿−22∆+ + 𝐿+22∆− = 2(𝑒2Ω2 + 𝑒0).
As some structural damping is present, the elastic modulus assumes complex values which
leads to complex 𝐿 and ∆ terms. Then, it is possible to split the coefficients of the solutions
into real and imaginary parts, as follows:






























−𝑓𝑅5 Ω5+𝑓𝑅4 Ω4−𝑓𝑅3 Ω3+𝑓𝑅2 Ω2−𝑓𝑅1 Ω+𝑓𝑅0
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4 A PROJECTION-BASED MODEL REDUCTION TECHNIQUE FOR
THE WAVE AND VIBRATION ANALYSIS OF ROTATING PERI-
ODIC STRUCTURES
Overview
The wave finite element (WFE) method has proved to be an efficient and accurate
numerical tool to perform the free and forced vibration analysis of linear reciprocal periodic
structures, i.e. those conforming to symmetrical wave fields. In this paper, its use is extended
to the analysis of rotating periodic structures, which, due to the gyroscopic effect, exhibit
asymmetric wave propagation. A projection-based strategy which uses reduced symplectic
wave basis is employed, which provides a well-conditioned eigenproblem for computing
waves in rotating periodic structures. The proposed formulation is applied to the free and
forced response analysis of homogeneous, multi-layered and phononic ring structures. In all
test cases, the following features are highlighted: well-conditioned dispersion diagrams, good
accuracy, and low computational time. The proposed strategy is particularly convenient in
the simulation of rotating structures when parametric analysis for several rotational speeds
is usually required, e.g. for calculating Campbell diagrams. This provides an efficient and
flexible framework for the analysis of rotordynamic problems. The original document has been
published in Computational Mechanics by D. Beli, J-.M. Mencik, P.B. Silva and J.R.F. Arruda,
doi:10.1007/s00466-018-1576-7 (Beli et al., 2018b).
4.1 Introduction
The interest in elastic periodic structures in physics and engineering has raised consider-
ably in recent years. This is because researchers have realized that the periodicity can naturally
yield vibration and acoustic attenuation, as well as allows wave manipulation through band gaps
(Hussein et al., 2014; Ma et al., 2016; Maldovan, 2013; Mead, 1996). Periodic structures are
structures that present one or more of their properties varying periodically in space, e.g. mate-
rial, geometry (Sigalas and Economou, 1992), or inclusions (Liu et al., 2000b). The physical
understanding of the dynamic behavior of a linear periodic structure under free wave propaga-
tion is provided by its dispersion diagram (or band structure).
The wave finite element (WFE) method (Ettouney et al., 1997) is a numerical approach
to calculate wave modes — i.e. wavenumbers and wave mode shapes — traveling in forward
and backward directions along periodic structures. The procedure is nothing but a transfer ma-
trix method which uses a finite element (FE) model of a substructure (unit cell) along with
Bloch’s boundary conditions. By considering the wave mode shapes as a representation ba-
sis, the displacement and force fields of periodic structures can be computed in an efficient way
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(Duhamel et al., 2006; Mencik and Ichchou, 2005). So far, the WFE method has been applied to
the analysis of non-rotating structures, i.e. periodic structures with symmetrical forward-going
and backward-going wave modes (Fan et al., 2017; Mencik and Ichchou, 2005; Mead, 2009;
Nobrega et al., 2016; Silva et al., 2016; Waki et al., 2009a).
In this paper, the WFE method is applied to rotating periodic structures, i.e. structures
with a rotational periodicity and with a rotational speed. In this framework, the gyroscopic effect
generated by the rotation induces a time-reversal symmetry breaking and, thus, asymmetrical
wave propagation between forward-going and backward-going wave modes (Beli et al., 2018c;
Fleury et al., 2014). The strategy proposed in this paper can be applied to rotating structures,
such as gas turbines, centrifuges, rotating sensors, and to general rotordynamic problems (Endo
et al., 1984; Huang and Soedel, 1987a; Lalanne and Ferraris, 1998). The proposed strategy
is suitable for the design of rotordynamic systems for vibration or acoustic attenuation by
means of phononic and/or metamaterial design, where it outperforms the traditional modal and
Campbell diagram analyses which are less straightforward and computationally more expensive
(Genta, 2005; Rao, 2011).
In a recent paper, an analytical wave approach based on the spectral element (SE) method
has been proposed for the dynamic analysis of flexible rotating rings (Beli et al., 2015). Al-
though this analytical method provides deep physical insights and fast computations, it is re-
stricted to simple geometries and requires ad-hoc formulations (Doyle, 1997; Lee, 2009). On
the other hand, the WFE method can be applied to periodic structures with complex geometry at
a very low computational cost (Mencik, 2014). The method works by considering the structural
(stiffness, mass) matrices of a substructure modeled with the FE method, and an eigenproblem
which is based on the transfer matrix of the substructure to compute the wave modes (Chang
and Schulman, 1982; Veres et al., 2013). Two well-conditioned eigenproblems named (N,L)
and (S + S−1) can be considered which use the symplectic property of the eigensolutions to
compute the forward-going and backward-going wave modes with accurate precision (Men-
cik, 2014; Mencik and Duhamel, 2015a; Zhong and Williams, 1995). Also, several procedures
can be considered to speed up the computational time involved in the WFE method. These con-
cern the use of a reduced wave basis (Mencik, 2012), the use of component mode synthesis
techniques to model substructures as well as coupling junctions (Mencik, 2011; Mencik, 2014;
Silva et al., 2016; Zhou et al., 2015), and, also, a projection method based on spectrum regions
for computing the dispersion diagrams (Droz et al., 2014).
In the case of rotating structures, the gyroscopic effect breaks the symmetry — i.e., the
symplectic nature — of the wave modes traveling in opposite directions. Thus, the WFE eigen-
problem is no more symplectic, which means that the symplectic properties cannot be used
in the regularization of the eigensolutions. To solve this issue, a strategy is proposed here
which involves projecting the non-symplectic eigenproblem (rotating case) on a reduced ba-
sis of “well-regularized” symplectic wave modes, which are obtained by solving the companion
symplectic problem (without rotation). In doing so, the projected eigenproblem is expected to
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be well-conditioned, which means that the forward-going and backward-going wave modes can
be described accurately. The proposed approach is computationally efficient for a twofold rea-
son. First, the dimension of the eigenproblem can be reduced. Second, the projection basis does
not depend on the rotational speed. Therefore, the Campbell diagram — which is a parametric
analysis of the dynamic response of a rotating structure as a function of its rotational speed —
can be quickly obtained.
The paper is organized as follows. In Section 4.2, the theoretical background of the WFE
method is presented along with the FE substructure model with rotational effects. In Section
4.3, the projection-based approach, which uses a reduced symplectic wave basis, is developed.
The criterion for the selection of symplectic waves in the projection basis is described. Numer-
ical results are carried out in Section 4.4 to validate the proposed strategy in comparison with
analytical solutions and FE results. Homogeneous, multi-layered and phononic crystal rotating
rings are dealt with. For each case, the dispersion and Campbell diagrams are analyzed along
with frequency response functions (FRF) of the structure.
4.2 WFE method
4.2.1 Substructure modeling
Consider a linear elastic periodic structure with a counterclockwise rotational speed Ω as
shown in Fig. 4.1, composed of identical substructures which are arranged around the circum-
ferential direction. In this framework, each substructure is connected to a backward substructure
at an interface Γ−, and to a forward substructure at an interface Γ+. Also, assume that the sub-
structures are modeled with the FE method, and are meshed equally, with the same number 𝑛 of
degrees of freedom (DOFs) at their interface Γ− or Γ+ (see Fig. 4.1). In the frequency domain,
the dynamic stiffness matrix (DSM) of a given rotating substructure is expressed as follows:
D = −𝜔2M + i𝜔G + (1 + i𝜂)K + KS + MΩ, (4.1)
where M, G, K, KS and MΩ stand for the mass, gyroscopic, stiffness, stress stiffening and
spin softening matrices, respectively. While M, K, KS and MΩ are symmetric matrices, G is
a skew-symmetric matrix. Also, 𝜔 is the angular frequency of excitation and 𝜂 is the damping
loss factor. The equation of motion of the substructure is given by Dq = F, where q and F
refer to the displacement and force vectors, respectively. Notice that the equation of motion is
formulated with respect to the local (or Lagrangian) reference system, i.e., when the coordinate
system is attached to the substructure.
Assume that the internal DOFs of the substructure are free from excitation sources. Hence,
it turns out that the DSM of the substructure condensed on the boundary DOFs — namely, D*
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(a)
Figure 4.1: (a) FE mesh of a periodic structure with a rotational periodicity; (b) FE mesh of a
substructure with boundaries Γ− and Γ+ and forward/backward-going waves (wave amplitudes
Q(𝑘) and Q⋆(𝑘+1)).
— can be expressed as:
D* = DBB −DBID−1II DIB, (4.2)
where subscript B refers to the boundary DOFs, i.e. those located on the interfaces Γ− and Γ+,
while the subscript I refers to the internal DOFs. Since the condensed DSM concerns the DOFs











The matrices M, G, K, KS and MΩ in Eq. (4.1) are usually extracted from a FE commercial
software and, as such, are usually described in a Cartesian coordinate system (e𝑥, e𝑦, e𝑧). How-
ever, as the structures are periodic around a rotation axis, it is suitable to express the condensed
DSM D* in a cylindrical coordinate system (ê𝑟, ê𝜃, e𝑧), where 𝑧 is the rotation axis. The trans-
formation from Cartesian to cylindrical coordinates, for an arbitrary node 𝑖 of the FE mesh of





⎤⎥⎦ , where R𝑖𝑧 =
⎡⎢⎣ cos𝜃𝑖 sin𝜃𝑖 0−sin𝜃𝑖 cos𝜃𝑖 0
0 0 1
⎤⎥⎦ . (4.4)
Here, 𝜃𝑖 = tan−1(𝑦𝑖/𝑥𝑖) where (𝑥𝑖,𝑦𝑖) are the coordinates of node 𝑖 in the 𝑥𝑦-plane. Hence,
the displacement and force vectors for this node can be expressed in cylindrical coordinates as
q̂𝑖 = R𝑖𝑧q𝑖 and F̂𝑖 = R𝑖𝑧F𝑖, where (̂ ) denotes a description in cylindrical coordinates. The
description of the displacement and force vectors of the boundary nodes of the substructure, in
cylindrical coordinates, follows as:
q̂B = R𝑧qB and F̂B = R𝑧FB, (4.5)
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where R𝑧 = blockdiag{R𝑖𝑧}𝑖=1,...,𝑛B with R−1𝑧 = R𝑇𝑧 , where 𝑛B is the number of boundary
nodes. In Cartesian coordinates, the equation of motion of a substructure can be rewritten by
considering the condensed DSM D*, as follows:
D*qB = FB. (4.6)
Hence, by considering Eqs. (4.5) and (4.6), the description in cylindrical coordinates follows
as:
D̂*q̂B = F̂B, (4.7)
where D̂* = R𝑧D*R−1𝑧 = R𝑧D
*R𝑇𝑧 . In Eq. (4.7), q̂B and F̂B are the displacement and force



























4.2.2 Free wave propagation along rotating periodic structures
The coupling conditions between an arbitrary substructure k and a forward substructure
k+1 involves considering the continuity of displacements and the equilibrium of internal forces










= −F̂(k+1)Γ− . (4.10)
By considering the coupling conditions, Eq. (4.10), the following transfer matrix relation, be-




















































As a consequence of Bloch’s theorem, the eigensolutions of the transfer matrix S have the
meaning of waves. The eigenproblem to be solved is written as follows:
S𝜑𝑗 = 𝜇𝑗𝜑𝑗. (4.13)
Here, 𝜇𝑗 represents the eigenvalues of S, expressed by 𝜇𝑗 = 𝑒−i𝜆𝑗Δ where 𝜆𝑗 and ∆ denote
the wavenumbers and the angular period, respectively. Also, 𝜑𝑗 represents the eigenvectors, or
wave mode shapes. These can be partitioned into vectors of displacement components 𝜑q𝑗 and







The eigensolutions of matrix S — namely, (𝜇𝑗,𝜑𝑗) — are referred to as the wave modes of
the periodic structure. The wave parameters 𝜇𝑗 are related to the phase changes between the
interfaces Γ− and Γ+ (see Fig. 1), while the wave mode shapes refer to the spatial distribution
of the displacements and forces at the interfaces.
From the numerical point of view, the eigenproblem Eq. (4.13) is usually ill-conditioned
because the eigenvectors 𝜑𝑗 contain both displacement and force components, i.e. components
of significantly different magnitudes (Waki et al., 2009b; Zhong and Williams, 1995). In other
words, the matrix of eigenvectors is ill-conditioned. To solve this issue, a so-called (N, L)
eigenproblem can be considered (Mencik, 2014; Zhong and Williams, 1995). In this method, the
eigenvectors — namely, w𝑗 — are forced to be expressed in terms of displacement components
only. The eigenproblem (N, L) writes:
























Here, (𝜇j ,wj ) are the new eigensolutions. The eigenvectors 𝜑𝑗 of the original eigenprob-
lem can be easily retrieved by considering the following equation (Mencik, 2010; Zhong and
Williams, 1995):
𝜑𝑗 = Lw𝑗. (4.17)
It is important to note that the wave modes occur in pairs, i.e. there are 𝑛 forward-going wave
modes (𝜇𝑗,𝜑𝑗) and 𝑛 backward-going wave modes (𝜇⋆𝑗 ,𝜑
⋆
𝑗), 𝑛 being the number of DOFs on
a substructure interface. The identification of those forward-backward-going wave modes con-
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siders the following criterion (Lee et al., 2007):





> 0 if ℑ{𝜆𝑗} = 0 (4.18a)










where 𝜆𝑗 and 𝜆⋆𝑗 stand for the wavenumbers associated to 𝜇𝑗 (for forward-going wave modes)
and 𝜇⋆𝑗 (for backward-going wave modes), respectively. Physically speaking, Eqs. (4.18a) and
(4.18b) mean that the wave amplitude decays in the positive direction for a forward-going wave,
while it decays in the negative direction for a backward-going wave. If the imaginary part of
the wavenumber is zero, the transmitted energy flow (positive direction) should be positive for
a forward-going wave, and negative otherwise.
In the present case, damped structures are dealt with, which means that ℑ{𝜆𝑗} < 0 for
forward-going waves, and ℑ{𝜆⋆𝑗} > 0 for backward-going waves. As a result, the magnitudes
of the wave parameters 𝜇𝑗 and 𝜇⋆𝑗 are, respectively, less and greater than one, i.e., |𝜇𝑗| < 1 and
|𝜇⋆𝑗 | > 1.
4.2.3 Free wave propagation along periodic structures without rotation
Consider the stationary case, i.e. when the rotational speed Ω is zero, which means that the
matrices G, KS and MΩ do not appear in Eq. (4.1) anymore. As a result, the condensed DSM
D̂* of a substructure is symmetric, while the related transfer matrix S is symplectic (Mencik







In this case, the wave modes are said to be symplectic, which means that the forward-going and
backward-going wave modes are linked by:
𝜇⋆𝑗 = 1/𝜇𝑗. (4.20)
Also, in the case where the substructures have a mid-plane of symmetry, the wave mode shapes
can be linked in an analytical way (Mencik, 2014):
𝜑⋆q𝑗 = ℛ𝜑q𝑗 and 𝜑⋆F𝑗 = −ℛ𝜑F𝑗, (4.21)
where ℛ is a symmetry transformation matrix with 1 or −1 components.
For substructures which are not symmetric with respect to a mid-plane, it was shown that
the (N, L) eigenproblem is subject to numerical dispersion (Mencik and Duhamel, 2015a). As
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a result, numerical errors are likely to occur when computing the forced response of periodic
structures with the WFE method. To solve this issue, the generalized eigenproblem based on the
so-called (S + S−1) transformation can be considered, which provides accurate eigensolutions.
This eigenproblem has been proposed by Zhong and Williams (1995), but its importance was































In this case, the eigenvectors 𝜑𝑗 and 𝜑
⋆
𝑗 of the original eigenproblem can be retrieved as follows:
𝜑𝑗 = L
′′wj

























are skew-symmetric matrices. In this case, the eigen-
values 𝜇′𝑗 are expressed as 𝜇
′
𝑗 = 𝜇j + 𝜇
⋆
j , 𝜇j and 𝜇
⋆
j being the eigenvalues of the transfer ma-
trix S (non-rotating substructure). The determination of 𝜇j and 𝜇⋆j involves solving a quadratic
equation 𝑥2 − 𝜇′𝑗𝑥 + 1 = 0 which is based on Eq. (4.20) (Mencik and Duhamel, 2015a).
Also, the eigenvectors wj ′ and w⋆j





















The determination of the eigenvectors 𝜑𝑗 and 𝜑
⋆
𝑗 of the transfer matrix S hence follows from
Eq. (4.24).
4.2.4 Forced response of rotating periodic structures
Consider a rotating periodic structure made up of 𝑁 substructures as shown in Fig. 4.2,
which is subject to a harmonic force vector of magnitude F0 at the interface between sub-
96
structures 𝑁 and 1. Within the WFE framework, the computation of the forced response of the
periodic structure involves expanding the displacement and force vectors, at the interfaces Γ−























where Φq, Φ⋆q, ΦF and Φ
⋆
F are 𝑛× 𝑛 matrices of wave mode shapes, defined as




q1 . . .𝜑
⋆
q𝑛], (4.32)




F1 . . .𝜑
⋆
F𝑛]. (4.33)
Also, in Eqs. (4.28-4.31), 𝜇 and 𝜇⋆ are 𝑛× 𝑛 diagonal matrices of wave parameters 𝜇𝑗 and 𝜇⋆𝑗 ,
i.e.,
𝜇 = diag{𝜇𝑗}𝑗=1,...,𝑛, 𝜇⋆ = diag{𝜇⋆𝑗}𝑗=1,...,𝑛. (4.34)
Finally, Q(1) and Q⋆(𝑁+1) are two 𝑛×1 vectors of wave amplitudes which concern the forward-
going wave modes at the interface Γ− of substructure 1, and the backward-going wave modes
at the interface Γ+ of substructure 𝑁 , respectively. It is worth noting that, due to the rotational
speed, one has 𝜇⋆𝑗 ̸= 1/𝜇𝑗 , i.e., 𝜇⋆ ̸= 𝜇−1.
Figure 4.2: Periodic structure made up of 𝑁 substructures, subject to an input force between
substructures 𝑁 and 1.
In Mencik and Duhamel (2015a), a strategy has been proposed to compute the forced
response of periodic structures using a small number 𝑚 (𝑚 ≪ 𝑛) of forward/backward-going
wave modes. In this framework, the excitation force is enclosed between two substructures
— namely, substructures 1 and 𝑁 — which are modeled in a conventional way with the FE
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method. In doing so, it becomes possible to model the rest of the periodic structure — namely,
the central periodic structure which is composed of substructures 2,3, . . . , 𝑁 − 1 (see Fig. 4.2)
— with a reduced set of wave mode shapes {̃︀𝜑𝑗}𝑗=1,...,𝑚 and {̃︀𝜑⋆𝑗}𝑗=1,...,𝑚, which belong to
the full bases {𝜑𝑗}𝑗=1,...,𝑛 and {𝜑⋆𝑗}𝑗=1,...,𝑛. The reason behind this strategy lies in the fact that
the kinematic and mechanical fields at the interfaces between the FE substructures 1 and 𝑁
and the central periodic structure are smooth, meaning that they can be well described with a
reduced set of low-order wave modes only. In other words, it becomes possible to model the
central periodic structure with a small number of wave modes. As a result, the computational
efficiency of the WFE method can be greatly improved. This happens for two reasons: (1) only
the first eigensolutions of the WFE eigenproblems are sought, which can be quickly obtained
with the Lanczos technique; (2) the size of the matrix equations for computing the vectors of
wave amplitudes can be considerably reduced.
In this case, the wave expansions Eqs. (4.28-4.31) should be rewritten as follows (for








≈ ̃︀Φq̃︀𝜇𝑘−1 ̃︀Q(2) + ̃︀Φ⋆q(̃︀𝜇⋆)𝑘+1−𝑁 ̃︀Q⋆(𝑁), (4.36)




≈ ̃︀ΦF̃︀𝜇𝑘 ̃︀Q(2) + ̃︀Φ⋆F(̃︀𝜇⋆)𝑘+1−𝑁 ̃︀Q⋆(𝑁), (4.38)
where ̃︀Φq, ̃︀Φ⋆q, ̃︀ΦF and ̃︀Φ⋆F are 𝑛×𝑚 reduced matrices of wave mode shapes, defined as
̃︀Φq = [̃︀𝜑q1 . . . ̃︀𝜑q𝑚] , ̃︀Φ⋆q = [̃︀𝜑⋆q1 . . . ̃︀𝜑⋆q𝑚], (4.39)
̃︀ΦF = [̃︀𝜑F1 . . . ̃︀𝜑F𝑚] , ̃︀Φ⋆F = [̃︀𝜑⋆F1 . . . ̃︀𝜑⋆F𝑚]. (4.40)
Also, ̃︀𝜇 and ̃︀𝜇⋆ are given by ̃︀𝜇 = diag{̃︀𝜇𝑗}𝑗=1,...,𝑚 and ̃︀𝜇⋆ = diag{̃︀𝜇⋆𝑗}𝑗=1,...,𝑚. Finally, ̃︀Q(2)
and ̃︀Q⋆(𝑁) are 𝑚 × 1 reduced vectors of wave amplitudes at the interface Γ− of substructure 2
and the interface Γ+ of substructure 𝑁 − 1, respectively.
The condensed DSM of the central periodic structure (starting from substructure 2 until
substructure 𝑁 − 1, see Fig. 4.2), can be expressed by means of the WFE method (see Silva
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Also, the DSM of the part which contains the substructures 1 and 𝑁 — namely, D̂*FE — is






























The DSM of the global periodic structure follows from simple assembly procedures, which
yields D̂*gl = ℒ𝑇WFED̂*WFEℒWFE + ℒ𝑇FED̂*FEℒFE where ℒWFE and ℒFE are localization matrices. The

























Hence, the displacement vectors at the interfaces, between substructures 𝑁 −1 and 𝑁 , between
substructures 𝑁 and 1, and between substructures 1 and 2, can be computed. The determination
of the displacement vectors for other substructure interfaces is straightforward. This involves
partitioning the central structure into several WFE-based periodic structures, and assembling
these in the same way as Eq. (4.44).
4.3 Projection-based model reduction
4.3.1 Motivation
In Section 4.2.2, a so-called (N,L) eigenproblem has been proposed to compute the wave
modes of rotating periodic structures (see Eq. (4.15)). In this case, neither the analytical rela-
tions Eqs. (4.20) and (4.21) nor the (S + S−1) transformation technique (Section 4.2.3) can be
considered, which means that the computation of the forward-going and backward-going wave
modes, and further the computation of the forced response of periodic structures, are subject
to numerical dispersion errors. To solve this issue, a projection technique is proposed in which
the wave modes of a rotating periodic structure are expressed in terms of the symplectic modes
of the non-rotating structure. Only a reduced set of symplectic modes needs to be considered,
which can be computed with accurate precision with the (S + S−1) transformation technique
(see Section 4.2.3). Hence, a reduced eigenproblem, based on symplectic wave modes, can be
proposed for computing the non-symplectic wave modes of the rotating structure. The features
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of the proposed strategy can be summarized as follows:
1. The numerical errors made when computing the wave modes of the rotating periodic
structure can be reduced because they are expressed in terms of forward/backward-going
symplectic wave modes, which are well connected together.
2. The computation of the symplectic modes does not depend on the rotational speed, which
means time savings for computing the reduced eigenproblem, e.g. when performing a
parametric analysis for different values of the rotational speed.
4.3.2 Symplectic wave basis






𝑗 ) the forward-going and backward-going wave modes
of a non-rotating structure — i.e., when G = KS = MΩ = 0 in Eq. (4.1) — computed with the
(S + S−1) transformation technique (Section 4.2.3), and define the following vectors wsj and
















More precisely, wsj and w
s*
j denote the right eigenvectors of the matrix pencil (N
s,Ls) when







sws*j . Also, the
left eigenvectors ysj and y
s*
j of (N
s,Ls) are given by:
ysj = −JLsws*j and ys*j = −JLswsj , (4.46)
and satisfy
(ysj )
𝑇Ns = 𝜇sj (y
s
j )
𝑇Ls and (ys*j )




In matrix form, the right and left eigenvectors of (Ns,Ls) can be written as follows:
Ws = [ws1 . . .w
s
𝑛 |ws⋆1 . . .ws⋆𝑛 ],
Ys = [ys1 . . .y
s
𝑛 |ys⋆1 . . .ys⋆𝑛 ],
= [−JLsws⋆1 . . .− JLsws⋆𝑛 | − JLsws1 . . .− JLsws𝑛].
(4.48)
In addition, they can be normalized, with respect to the 𝐿2−norm, as this is commonly done for
expressing a projection basis. This yields:
wsj → wsj /‖wsj ‖2, ws⋆j → ws⋆j /‖ws⋆j ‖2,




To compute the wave modes of a rotating periodic structure, the naive strategy would
consist in solving a 2𝑛× 2𝑛 non-symplectic eigenproblem (N, L) as highlighted in Eq. (4.15).
One of the issues of this strategy is that for non-symplectic problems there are no analytical
relations to connect the forward-going wave modes to the backward-going ones (Eqs. (4.20)
and (4.21)). Therefore, numerical dispersion is likely to occur. A second issue is that the com-
putation of the full eigenproblem can be extremely cumbersome, as the number of interface
DOFs becomes high. The key idea to overcome these issues is to project the non-symplectic
(N, L) eigenproblem, in the Petrov-Galerkin sense, on subspaces spanned by reduced sets of
symplectic modes relative to the same periodic structure when Ω = 0 (stationary case). The
computation of the symplectic modes can be achieved in an efficient way with the (S + S−1)
transformation technique and the Lanczos method (see Mencik and Duhamel (2015a)). The
reduced sets of symplectic modes are defined as follows: {̃︀ws1 . . . ̃︀ws𝑚} ∪ {̃︀ws⋆1 . . . ̃︀ws⋆𝑚} and
{̃︀ys1 . . . ̃︀ys𝑚} ∪ {̃︀ys⋆1 . . . ̃︀ys⋆𝑚}, where {̃︀ws1 . . . ̃︀ws𝑚} ⊂
{ws1 . . .ws𝑛}, {̃︀ws⋆1 . . . ̃︀ws⋆𝑚} ⊂ {ws⋆1 . . .ws⋆𝑛 }, {̃︀ys1 . . . ̃︀ys𝑚} ⊂ {ys1 . . .ys𝑛} and {̃︀ys⋆1 . . . ̃︀ys⋆𝑚}
⊂ {ys⋆1 . . .ys⋆𝑛 }, with 𝑚 ≪ 𝑛. Hence, it is proposed to express the eigenvectors wj (or w⋆j )
of (N, L) as follows:
wj = ̃︀wj ≈ ̃︁Ws̃︀𝛼𝑗, (4.50)
where ̃︁Ws is the matrix of the right eigenvectors of (Ns,Ls), expressed by:
̃︁Ws = [̃︀ws1 . . . ̃︀ws𝑚 | ̃︀ws⋆1 . . . ̃︀ws⋆𝑚 ]. (4.51)
Also, in Eq. (4.50), ̃︀𝛼𝑗 denotes a vector of generalized coordinates, expressed by:
̃︀𝛼𝑗 = [̃︀𝛼𝑗1 · · · ̃︀𝛼𝑗𝑚 | ̃︀𝛼⋆𝑗1 · · · ̃︀𝛼⋆𝑗𝑚]𝑇 . (4.52)
As a result, Eq. (4.15) leads to:
Ñ︁Ws̃︀𝛼𝑗 = ̃︀𝜇jL̃︁Ws̃︀𝛼𝑗. (4.53)
Consider the matrix of left eigenvectors of (Ns,Ls), defined by:
̃︀Ys = [̃︀ys1 . . . ̃︀ys𝑚 | ̃︀ys⋆1 . . . ̃︀ys⋆𝑚 ]. (4.54)
By left multiplying Eq. (4.53) by (̃︀Ys)𝑇 , the following 2𝑚× 2𝑚 reduced eigenproblem can be
obtained: ̃︀Ñ︀𝛼𝑗 = ̃︀𝜇j ̃︀L̃︀𝛼𝑗, (4.55)
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where ̃︀N and ̃︀L are 2𝑚× 2𝑚 reduced matrices given by:
̃︀N = (̃︀Ys)𝑇Ñ︁Ws , ̃︀L = (̃︀Ys)𝑇L̃︁Ws. (4.56)
Solving the eigenproblem yields the wave parameters ̃︀𝜇j and ̃︀𝜇⋆j — with the properties that
|̃︀𝜇j | < 1 for forward-going modes and |̃︀𝜇⋆j | > 1 for backward-going modes — which are
supposed to well approximate the first 𝑚 wave parameters 𝜇j and 𝜇⋆j . The eigenvectors of the
reduced eigenproblem Eq. (4.55) are given by ̃︀𝛼𝑗 and can be classified into 𝑚 forward-going
modes ̃︀𝛼𝑗 (case when |̃︀𝜇j | < 1), and𝑚 backward-going modes ̃︀𝛼⋆𝑗 (case when |̃︀𝜇j | > 1). Hence,
the original wave mode shapes can be retrieved as ̃︀wj ≈ ̃︁Ws̃︀𝛼𝑗 and ̃︀w⋆j ≈ ̃︁Ws̃︀𝛼⋆𝑗 .
The selection of the number 𝑚 of forward/backward-going symplectic wave modes in
the reduced basis {̃︀ws1 . . . ̃︀ws𝑚}∪{̃︀ws⋆1 . . . ̃︀ws⋆𝑚} and {̃︀ys1 . . . ̃︀ys𝑚}∪{̃︀ys⋆1 . . . ̃︀ys⋆𝑚} can be made by
analyzing the sensitivity of the displacement solution of the periodic structure, which is obtained
by solving the matrix equation (4.44). The procedure starts by considering a moderate number
of symplectic wave modes 𝑚𝑚𝑎𝑥 (e.g., about 𝑛/4), and computing the resulting displacement
solution, say q̂𝑚𝑚𝑎𝑥gl , at some frequencies 𝜔. Hence, the following error indicator can also be
analyzed.
𝜖(𝑚) =
‖q̂𝑚gl − q̂𝑚𝑚𝑎𝑥gl ‖
‖q̂𝑚𝑚𝑎𝑥gl ‖
. (4.57)
Notice that the computation of the error indicator of Eq. (4.57) is not expensive, for the follow-
ing reasons: (1) a moderate number of symplectic modes (𝑚𝑚𝑎𝑥) is involved, which overcomes
the issue of computing the full set of symplectic modes (Mencik and Duhamel, 2015a); (2) the
error indicator is to be computed at a few frequencies only, a coarse set equally spread over the
frequency band analyzed. Hence, the determination of the appropriate number 𝑚 of symplec-
tic modes is made by analyzing the variation of 𝜖(𝑚) as a function of the parameter 𝑚, and
selecting 𝑚 as soon as 𝜖(𝑚) reaches a sufficiently small value.
4.4 Numerical results
Three different test cases are analyzed to highlight the relevance of the projection-based
WFE approach: a homogeneous ring, a multi-layered ring, and a phononic crystal ring with bi-
material heterogeneous substructures. The FE software ANSYS is used to model the substruc-
tures (see Section 4.2.1), which are meshed with SOLID185 elements. These are 3D elements
with 8 nodes and 3 DOFs per node, which incorporate shearing and rotational/gyroscopic ef-
fects. A 64-bit CPU equipped with an Intel® i7-980X 3.33GHz processor and 24GB of RAM
memory has been used to compute all the numerical simulations.
For each test case, the wave modes of the structure are computed with MATLAB®, by
solving the reduced eigenproblem of Eq. (4.55). The dispersion diagrams of the periodic struc-
ture — i.e., the relation between the angular frequency and the wavenumbers ̃︀𝜆𝑗 and ̃︀𝜆⋆𝑗 — are
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obtained. The wavenumbers are obtained as ̃︀𝜆𝑗 = −log(̃︀𝜇j )/i∆ and ̃︀𝜆⋆𝑗 = −log(̃︀𝜇⋆j ) /i∆,
where ̃︀𝜇𝑗 and ̃︀𝜇⋆j are the wave parameters (Eq. (4.55)).
Also, FRFs of the periodic structures are calculated with the WFE approach, using
MATLAB®, and compared to those issued by the FE method. For the sake of clarity, the detailed
flowchart of the procedure involved in the proposed approach is in Appendix 4.6. The periodic
structures considered are excited either with a radial or a tangential force at the interface be-
tween the substructures 𝑁 and 1, while their displacement response, along the same radial or
tangential direction, is measured at the diametrically opposed interface. The accuracy of the
WFE approach is assessed by analyzing the following relative error between the WFE and FE
solutions (Silva et al., 2016):
Relative Error (%) =
< ‖𝑞mes𝑗WFE‖2 − ‖𝑞mes𝑗FE‖2 >𝛽𝑖𝑓
< ‖𝑞mes𝑗FE‖2 >𝛽𝑖𝑓
× 100, (4.58)
where 𝑞mes𝑗 denotes the measured displacement, and< . >𝛽𝑖𝑓 denotes quadratic means over small
sub-frequency bands 𝛽𝑖𝑓 .
By reason of conciseness and convenience, the angular frequency and rotational speed
results are shown in Hz instead of rad/s and the following notation is employed 𝑓𝜔 = 𝜔/(2𝜋)
and 𝑓Ω = Ω/(2𝜋), respectively.
4.4.1 Homogeneous ring
To start with, a simple homogeneous thin rotating ring is investigated as shown in Fig. 4.3.
The objectives are to present the basic features of the dynamic behavior of rotating structures,
such as the asymmetrical wave propagation, its verification with the conventional FE method,
and to illustrate the main steps of the proposed strategy. The ring is made of aluminum, with
an inner radius 𝑅𝑖 = 195 mm and a rectangular cross-section with width 𝑏 = 50 mm and height
ℎ = 10 mm. The material properties of the structure are: elastic modulus 𝐸 = 70 GPa, mass
density 𝜌 = 2800 kg/m3, Poisson’s ratio 𝜈 = 0 (to be in accordance with Euler-Bernoulli beam
theory (Heyliger, 2013)) and loss factor 𝜂 = 0.001. The whole structure consists of 𝑁 = 120
identical substructures with a rotational periodicity of ∆Θ = 3∘. Each substructure is meshed
with 396 DOFs with 𝑛 = 132 DOFs on each interface. By considering the error indicator in
Eq. (4.57), 𝑚 = 10 forward/backward-going symplectic modes can be selected to compute the
wave modes of the rotating structure and its forced response.
The dispersion diagrams for the stationary (𝑓Ω = 0 Hz) and rotating (𝑓Ω = 50 Hz) cases
are shown in Fig. 4.4. It is seen that the real and imaginary parts of the wavenumbers for the
forward-going and backward-going waves are symmetrical in the stationary case, i.e.:
|ℜ{̃︀𝜆𝑗(𝜔)}| = |ℜ{̃︀𝜆⋆𝑗(𝜔)}| and |ℑ{̃︀𝜆𝑗(𝜔)}| = |ℑ{̃︀𝜆⋆𝑗(𝜔)}|, (4.59)
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(a) (b)
Figure 4.3: Homogeneous ring: (a) FE mesh of the whole structure; (b) FE mesh of a substruc-
ture.
but are unsymmetrical in the rotating case, i.e.:
|ℜ{̃︀𝜆𝑗(𝜔)}| ≠ |ℜ{̃︀𝜆⋆𝑗(𝜔)}| and |ℑ{̃︀𝜆𝑗(𝜔)}| ≠ |ℑ{̃︀𝜆⋆𝑗(𝜔)}|. (4.60)
The symmetry breaking, which occurs due to the gyroscopic effect, mainly appears for the prop-
agating part of the wave-numbers (real part) at low frequencies, below 300 Hz. The wavenum-
bers that do not vary with frequency and present zero group velocity (i.e., 𝑑𝜔/𝑑ℜ(𝜆) = 0)
correspond to highly evanescent modes. They do not propagate and are important only in the
vicinity of the excited location. In addition, the low evanescent wave modes correspond to flex-
ural and extensional waves, whose coupling depends on the curvature of the ring.
The FRF of the ring subject to a radial force is shown in Fig. 4.5(a-b) for the stationary
and rotating cases. The FRF refers to the radial displacement solution, which is computed with
the WFE approach and the FE method, over a frequency band of [0 − 1500] Hz. It is seen that
the WFE and FE solutions perfectly match each other, which validates the proposed approach.
Compared to the stationary case, the resonance frequencies in the rotating case are split up and
shifted towards the high-frequency range. These features can be explained as a consequence
of the gyroscopic effect (matrix G) and the stress-stiffening effect (matrix KS), respectively.
Also notice that, in the rotating case, a rigid body mode occurs which appears at 𝜔 = Ω (Beli
et al., 2015).
The Campbell map of the structure can be obtained via the proposed approach as shown
in Fig. 4.5(c). Also, the analytical eigenfrequencies are shown, as a function of the rotational














where 𝜁 is the order of the eigenmode, 𝐴 is the cross-section area and 𝐼 is the second moment




Figure 4.4: Dispersion diagrams for the homogeneous ring at 𝑓Ω = 0 Hz (a,b) and 𝑓Ω = 50 Hz
(c,d): forward-going (— blue) and backward-going (— red) waves.
results. Slight differences are observed at high frequencies, which might be explained by the
fact that the analytical theory does not take into account the effects of rotational inertia and
shear deformation.
Additional numerical experiments were performed to illustrate the strategy used to select
the number 𝑚 of forward/backward-going symplectic modes involved in the reduced eigen-
problem of Eq. (4.55). For this purpose, the error indicator Eq. (4.57) is plotted as a function of
𝑚, when 𝑚𝑚𝑎𝑥 = 20 (see Fig. 4.6(a)), for different frequencies: 𝑓𝜔 = 50 Hz, 𝑓𝜔 = 500 Hz and
𝑓𝜔 = 1500 Hz. It is seen that the error indicator reaches small values as soon as 𝑚 ≥ 6. Here,
𝑚 = 10 symplectic modes were kept in order to improve the accuracy of the WFE approach.
To validate the choice of the error indicator, the “true” relative error of Eq. (4.58) is calculated
for different values of 𝑚 (see Fig. 4.6(b)). As expected, the relative error decreases when the
number 𝑚 of symplectic modes increases: it is shown that for 𝑚 = 5, the relative error is about





Figure 4.5: FRF of the homogeneous ring, at (a) 𝑓Ω = 0 Hz (black) and (b) 𝑓Ω = 50 Hz (red):
WFE approach (— red) and FE method (∙ black); (c) Campbell map: WFE approach (color
map); analytical theory (∘).
4.4.2 Multi-layered ring
A second test case is considered consisting of a three-layered ring as shown in Fig. 4.7.
The objective is to show that the proposed approach can accurately and quickly compute the
wave modes and FRFs of complex structures, i.e. with rich wave motion and dynamic behavior.
Here, the ring consists of an inner skin made of steel (𝐸s = 220 GPa, 𝜌s = 7800 kg/m3,
𝜈s = 0.3), an outer skin made of aluminum (𝐸a = 70 GPa, 𝜌a = 2800 kg/m3, 𝜈a = 0.3), and
106
(a) (b)
Figure 4.6: Analysis of the number 𝑚 of symplectic modes selected, at 𝑓Ω = 50 Hz: (a) Error
indicator Eq. (4.57) for 𝑓𝜔 = 50 Hz (∘ red), 𝑓𝜔 = 500 Hz (∙ blue) and 𝑓𝜔 = 1500 Hz (N green);
(b) Relative error (4.58) for 𝑚 = 5 (∙ blue), 𝑚 = 10 (∘ red) and 𝑚 = 20 (N green).
a polymer core (𝐸p = 0.1 GPa, 𝜌p = 900 kg/m3, 𝜈p = 0.45). The loss factor is assumed to
be uniform between the layers, i.e. 𝜂 = 0.0025. The geometrical parameters are shown in Fig.
4.7, where 𝑅𝑖 = 210 mm, ℎ1 = 5.25 mm, ℎ2 = 28.50 mm, ℎ3 = 6.25 mm and 𝑏 = 40 mm. The
whole structure is composed of 𝑁 = 120 identical substructures with a rotational periodicity
∆Θ = 3∘. Each substructure is meshed with 1716 DOFs, with 𝑛 = 429 DOFs on each interface.
Based on the strategy proposed in Section 4.3.3, 𝑚 = 65 pairs of forward/backward-going
symplectic wave modes were considered.
(a) (b)
Figure 4.7: Multi-layered ring: (a) FE mesh of the whole structure; (b) FE mesh of a substruc-
ture.
Again, the dispersion diagrams for the wave modes traveling along the structure are cal-
culated with the WFE approach as shown in Fig. 4.8, for 𝑓Ω = 100 Hz. For the sake of clarity,
only the first 27 pairs of wave modes are highlighted. Notice again that the wavenumbers for
forward-going wave modes and backward-going wave modes are not symmetric to each other
(see Eq. (4.60)). It is seen in Fig. 4.8 that, at low frequencies, the wave behavior is similar to
that of the homogeneous ring (Fig. 4.4(c,d)). However, as the frequency increases, e.g. around
2500 Hz, the wave behavior becomes more complex due to the emergence of higher-order wave
modes and wave coupling effects, see Fig. 4.8.
The FRF of the periodic structure subject to a radial force is shown in Fig. 4.9(a) for 𝑓Ω =
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(a) (b)
Figure 4.8: Dispersion diagrams (first 27 pairs of wave modes) for the multi-layered ring at
𝑓Ω = 100 Hz: forward-going (— blue) and backward-going (— red) waves.
100 Hz. Here, a frequency band of [0−5000] Hz is considered. Recall that, within the framework
of the WFE approach, the wave modes are computed by means of the reduced eigenproblem
Eq. (4.53), which is expressed from 𝑚 = 65 forward/backward-going symplectic wave modes.
At low frequencies, i.e. below the cut-on frequency of the first extensional vibration mode, the
structure behaves as a homogeneous ring as expected from the dispersion analysis. However,
after 2500 Hz, a high modal density is observed. Again, it is shown (Fig. 4.9(a)) that the WFE
and FE displacement solutions perfectly match each other over the whole frequency range.
Especially, the complex high-frequency vibration behavior of the structure is well captured by
the WFE approach, without any ambiguity.
Concerning the Campbell map (Fig. 4.9 (b)), it can be observed that the lower-order flex-
ural vibration modes are strongly shifted to the higher frequencies. Also, higher-order flexural
modes occur which interact with the extensional modes to produce a frequency region with high
modal density, at high rotational speeds.
In this case, again, the strategy used to select the number 𝑚 of (forward/backward) sym-
plectic modes in the projection basis (Section 4.3.3) will be discussed. Recall that the rotational
speed is 𝑓Ω = 100 Hz. For this purpose, the error indicator of Eq. (4.57), with 𝑚𝑚𝑎𝑥 = 100,
is plotted as a function of 𝑚 as shown in Fig. 4.10(a) for different excitation frequencies:
𝑓𝜔 = 100 Hz, 𝑓𝜔 = 1000 Hz and 𝑓𝜔 = 5000 Hz. It is seen that the error indicator reaches
small values (around 5%) as soon as 𝑚 = 60; and smaller values can be reached for 𝑚 > 70.
Here, 𝑚 = 65 pairs of wave modes are kept. To validate the strategy, the true relative error of
Eq. (4.58) — i.e. between the WFE and FE displacement solutions — is plotted (Fig. 4.10(b))
for different 𝑚 values, when 𝑓Ω = 100 Hz. As expected, the error decreases as 𝑚 increases and
shows good convergence for 𝑚 ≥ 65.
Furthermore, the robustness of the selection strategy is analyzed for different rotational
speeds: 𝑓Ω = 1 Hz, 𝑓Ω = 50 Hz and 𝑓Ω = 100 Hz, as shown in Fig. 4.10(c). Again, 𝑚 = 65




Figure 4.9: (a) FRF of the multi-layered ring at 𝑓Ω = 100 Hz: WFE approach (— red) and FE
method (∙ black); (b) Campbell map.
tional speed increases, and meets an upper bound when 𝑓Ω = 100 Hz, which was the frequency
considered to compute the error indicator of Eq. (4.57).
Table 4.1: CPU times (multi-layered ring).
Approach Nb of
DOFs
Time (s) Time reduction
(%)
FE Forced response 154440 2916540 −
(N,L)
Eigenproblem 858 148260 refE
Forced response 2145 117400 −
Eigenproblem + Forced - 265660 refT
Proposed
Eigenproblem 130 4150 94.6 from refE
Forced response 2145 36920 −
Eigenproblem + Forced - 44930 83.1 from refT
(refT: reference for the total time; refE: reference for the eigenvalue problem time.)
The key advantage of the WFE approach lies in the reduction of the computational times.
Recall that, in the WFE approach, a reduced symplectic wave mode basis is to be computed,
which does not depend on the rotational speed. Hence, it does not need to be recomputed when-




Figure 4.10: (a) Analysis of the number 𝑚 of symplectic modes selected: (a) Error indicator
Eq. (4.57) for 𝑓𝜔 = 100 Hz (∘ red), 𝑓𝜔 = 1000 Hz (∙ blue) and 𝑓𝜔 = 5000 Hz (N green), at
𝑓Ω = 100 Hz; (b) Relative error Eq. (4.58) for 𝑚 = 25 (∙ magenta), 𝑚 = 45 (∘ blue), 𝑚 = 65
(N red) and 𝑚 = 85 (N green); (c) Relative error for 𝑚 = 65, at 𝑓Ω = 1 Hz (∙ blue), 𝑓Ω = 50 Hz
(N green) and 𝑓Ω = 100 Hz (∘ red).
Eq. (4.53) needs to be recomputed, which can be quickly done because of its small size. On the
other hand, the classical (N,L) method (see Section 4.2.2) requires a full 2𝑛×2𝑛 eigenproblem
(𝑛 ≫ 𝑚), Eq. (4.15), to be solved at each rotational speed considered. This makes the (N,L)
method cumbersome compared to the proposed approach. For the sake of clarity, the computa-
tional times involved in the proposed approach, the (N,L) method, and the FE method are listed
in Table 4.1. In this case, the FRF of the structure is computed 50 times, i.e. for 50 different
values of the rotational speed. Considering the computation of the wave modes (eigenproblem),
the proposed approach is about 35 times faster than the classical (N,L) method. Also, it shows
an overall reduction (eigenproblem + forced response) of 83.1% of the CPU time compared to
the (N,L) method, and 98.5% compared to the FE method. This clearly shows the advantage of
to the proposed approach.
4.4.3 Phononic crystal ring
Recently, the wave propagation analysis in periodic structures has received renewed at-
tention, as it allows the design of band gaps, a common feature in these structures, which
makes them promising as devices for passive vibration attenuation or wave control (Hussein
110
et al., 2014). In rotordynamics, the analysis is usually performed using FEs and imposing cyclic
symmetry conditions or by building the full FE model. In both cases, the forced response prob-
lem is solved for several rotational speeds. The Campbell diagram is built and used as the main
tool for the analysis of the rotating structure. In the case of band gap design, wave-based meth-
ods are more convenient, though. Thus, herein, a framework based on wave propagation analysis
is proposed to investigate geometrically complex rotordynamic problems with rotational peri-
odicity. The objectives of this numerical example is threefold: to investigate the effect of the
rotational speed on the band gaps, to provide well conditioned highly evanescent wave modes
of a non-academic substructure, and, finally, to illustrate computational efficiency of the pro-
posed strategy.
In this section, the periodic structure shown in Fig. 4.11 is considered. It is a phononic
crystal structure (Hussein et al., 2014) which presents both material and geometric rotational
periodicity. It may refer to a gas turbine stage in reduced scale. The whole structure is composed
of𝑁 = 40 substructures (rotational periodicity ∆Θ = 9∘). A substructure is shown in Fig. 4.11.
It is composed of two materials, both inner and outer skins are made of aluminum (𝐸a = 70 GPa,
𝜌a = 2800 kg/m
3, 𝜈a = 0.3) and the blades are made of a titanium alloy (𝐸t = 110 GPa,
𝜌t = 4500 kg/m
3, 𝜈t = 0.3). The loss factor is assumed to be uniform, i.e. 𝜂 = 0.01. The
geometric parameters are depicted in Fig. 4.11, where 𝑅𝑖 = 184 mm, ℎ1 = 4 mm, ℎ2 = 4 mm,
ℎ3 = 44 mm, ℎ4 = 4 mm, 𝑏1 = 36 mm, 𝑏2 = 28 mm and 𝑏3 = 12 mm. Each substructure is meshed
with 2340 DOFs with 𝑛 = 372 DOFs on each interface.
The criterion for wave mode selection, Eq. (4.57), is applied by considering 𝑚𝑚𝑎𝑥 = 90.
In Fig. 4.15(a), the error indicator is plotted. From this plot, 𝑚 = 65 pairs of wave modes were
chosen to compute the dynamic response of the structure.
(a) (b) (c)
Figure 4.11: Phononic crystal ring: (a) FE mesh of the whole structure; (b, c) FE mesh of a
substructure.
The complex and asymmetrical band structure is shown in Fig. 4.12. Two band gaps due
to the Bragg scattering phenomenon are observed with center frequencies around 10 kHz and
18 kHz. Despite the asymmetrical wave propagation feature of rotating systems, the band gaps
occur at the same frequency bands and present the same width for both propagation directions.
This happens because the Bragg scattering phenomenon is a result of the destructive interference
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(a) (b)
Figure 4.12: Dispersion diagrams (first 28 pairs of wavemodes) for the phononic crystal ring at
𝑓Ω = 100 Hz: forward-going (— blue) and backward-going (— red) waves. The gray shaded
areas correspond to the extensional band gaps.
(a) (b) (c)
Figure 4.13: Imaginary part of the wavenumbers obtained with the proposed approach (a),
(N,L) method (b) and the transfer (S) matrix method (c).
between forward and backward-going traveling waves. Three different approaches are used to
solve the eigenvalue problem, which provides the band structure analysis: the transfer matrix (S)
formulation, the (N,L) formulation, and the proposed projection-based approach. In Fig. 4.13,
the relation between the imaginary part of the forward-going waves and frequency is plotted. It
is shown that the proposed approach yields well-defined (i.e. well-conditioned) eigensolutions,
while the (N,L) method shows to be ill-conditioned for highly evanescent waves, i.e., when
ℑ{̃︀𝜆∆} < −12. Also, the transfer matrix (S) formulation yields ill-conditioned solutions for
all the waves in the whole spectrum of frequencies. The ill-conditioning of the eigenproblem
produces numerical errors in the computation of wavenumbers and wave mode shapes, and
consequently, in the forced response.
The FRF of the structure subject to a tangential input force is shown in Fig. 4.14(a), by
considering a frequency range of [0 − 2 × 104] Hz. Again, the WFE solution perfectly agrees




Figure 4.14: (a) FRF of the phononic crystal ring at 𝑓Ω = 100 Hz: WFE approach (— red) and
FE method (∙ black); (b) Campbell map.
it is important to notice that these are partial extensional band gaps, where flexural waves can
propagate, and where coupling between flexural and extensional motions occurs (see Fig. 4.12).
These features explain the resonance peak of a flexural mode within the first band gap around
104 Hz. In Fig. 4.14(b), the Campbell map is shown. One may observe that, with the increasing
rotational speed, the vibration modes split, the first band gap is slightly shifted, and the second
band gap experiences a strong shift towards higher frequencies, while its width decreases. The
difference between the Campbell map depicted here and the traditional Campbell diagram (nat-
ural frequencies versus rotational speed) is that in the map depicted here the forced response is
presented for every excitation frequency and rotational speed, while in the traditional diagram
only the natural frequencies are depicted for every rotational speed and, therefore, one cannot
determine the band gap zones.
The accuracy of the wave mode selection strategy (Section 4.3.3) is verified by comput-
ing the relative error between the WFE approach and FE method (Eq. (4.58)) for 𝑓Ω = 100 Hz,
for several number 𝑚 of symplectic modes (see Fig. 4.15(b)). As expected, the relative error
decreases with the increasing number of selected waves. In Fig. 4.15(c), the accuracy is evalu-
ated with respect to the rotational speed and shows that, similarly to the trend observed in the




Figure 4.15: (a) Analysis of the number 𝑚 of symplectic modes selected: (a) Error indicator
Eq. (4.57) for 𝑓𝜔 = 100 Hz (∘ red), 𝑓𝜔 = 5000 Hz (∙ blue) and 𝑓𝜔 = 2 × 104 Hz (N green), at
𝑓Ω = 100 Hz; (b) Relative error (4.58) for 𝑚 = 20 (∙ green), 𝑚 = 35 (∘ magenta), 𝑚 = 50 (N
blue) and 𝑚 = 65 (N red); (c) Relative error for 𝑚 = 65, at 𝑓Ω = 1 Hz (∙ blue), 𝑓Ω = 50 Hz (N
green) and 𝑓Ω = 100 Hz (∘ red).
Table 4.2: CPU times (phononic crystal ring).
Approach Nb of
DOFs
Time (s) Time reduction
(%)
FE Forced response 78720 632900 −
(N,L)
Eigenproblem 744 177900 refE
Forced response 1860 111000 −
Eigenproblem + Forced - 288900 refT
Proposed
Eigenproblem 130 2400 95.0 from refE
Forced response 1860 95200 −
Eigenproblem + Forced - 97600 64.0 from refT
(refT: reference for the total time; refE: reference for the eigenvalue problem time.)
Finally, the CPU times involved in the proposed approach, the (N,L) method and the
FE method are displayed in Table 4.2. Here, again, the FRF of the structure is computed 50
times, i.e. for 50 different values of the rotational speed. Regarding the computation of the
wave modes via the eigenproblem of Eq. (4.55), the proposed approach shows 95.0 % of time
reduction compared to the (N,L) method. Regarding the total time involved in the computation
of the FRF, the proposed approach is 64 % less computational expensive. The bottleneck of the
(N,L) method is in the computation of the eigenproblem and the proposed approach addresses
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well this issue, hence enabling one to perform fast parametric analysis, such as the Campbell
map used herein.
4.5 Concluding remarks
In this paper, a WFE approach has been proposed to compute the wave modes of rotat-
ing periodic structures. The key idea is to project the WFE eigenproblem — which is used to
compute the wave modes — on a reduced subspace of symplectic wave mode shapes. The sym-
plectic wave modes are associated to periodic structures without rotation (stationary case), and
can be accurately computed via the (S + S−1) transformation technique. Also, the symplec-
tic modes do not depend on the rotational speed, i.e. they do not need to be recomputed for
performing parametric analysis (e.g varying the rotational speed). Hence, a small-sized well-
conditioned WFE eigenproblem can be proposed. As it turns out, the computation of the wave
modes of rotating periodic structures, and their forced response, can be drastically sped up. An
error indicator has been proposed to help select the size of the reduced symplectic wave basis
and control the accuracy of the strategy. Numerical experiments have been carried out which
clearly highlight the relevance of the proposed approach, in terms of accuracy and computa-
tional efficiency. The proposed approach also provides an accurate means of identifying wave
properties (asymmetric propagation) and band gaps in rotating periodic structures. It offers new
prospects in the design of rotordynamic systems using phononic crystal and metamaterial con-
cepts, and reveals new perspectives to apply the WFE formulations to parametric analysis of
periodic structures as well as to uncertainty analysis of quasi-periodic structures with small
computational effort.
4.6 Appendix A: Flowchart of the proposed approach
The flowchart of the procedure is summarized in Fig. 4.16.
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Figure 4.16: Flowchart of the procedure used to perform free wave propagation (dispersion
diagram) and forced response analysis of rotating structures.
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5 WAVE PROPAGATION IN ELASTIC METAMATERIAL BEAMS
AND PLATES WITH INTERCONNECTED RESONATORS
Overview
In this work, new beam and plate metamaterials with interconnected local resonators are
proposed. This design promotes the splitting and coupling between transverse and rotational
vibration modes of the resonator chain. It produces a particular band structure with two band
gaps: a wide band gap opens at the in-phase transverse natural frequency of the resonator chain
and a second band gap, with narrower width, appears at higher frequencies. The Timoshenko
beam and Mindlin-Reissner plate models are used to compute the band structure as well as
the dynamic forced response. A parametric analysis of the band gaps is performed by varying
the interconnection properties. The metamaterial plate presents a directional wave propagation
pattern due to partial band gaps. In addition, a metamaterial beam manufactured by additive
manufacturing is investigated. The experimental results are in agreement with the numerical
predictions. Therefore, the proposed concept showed to be promising for metamaterial design
aiming at creating singular band gaps with broadband absorption and directional/focalization
features. The original document has been published in International Journal of Solids and
Structures by D. Beli, J.R.F. Arruda and M. Ruzzene, doi:10.1016/j.ijsolstr.2018.01.027 (Beli
et al., 2018a).
5.1 Introduction
Periodic structures such as phononic crystals and metamaterials have been applied to vi-
bration and acoustic attenuation or isolation as well as to elastic wave manipulation, which
involves guiding, focusing, imaging, cloaking, and topological insulation (Lu et al., 2009;
Maldovan, 2013; Hussein et al., 2014; Ma and Sheng, 2016). In phononic crystals, material
or geometric modulation gives rise to Bragg scattering phenomena, and, hence, the genera-
tion of band gaps at wavelengths of the same order of the unit cell dimensions (Sigalas and
Economou, 1992). In 2000, Liu et al. (Liu et al., 2000b) have shown subwavelength band gaps
can be generated by making use of locally resonant inclusions. However, producing large stop-
bands at low frequencies with small added mass is still a difficulty for vibration (Baravelli and
Ruzzene, 2013; Frandsen et al., 2016) and acoustic (Chronopoulos et al., 2017) isolation, which
can be overcome by using the inertial amplification solution (Yilmaz et al., 2007). This work
reveals that the interaction between translational and rotational vibration modes of an intercon-
nected resonator chain also leads to a wide local resonance band gap in the host structure. In
addition, directional wave propagation is produced in the two-dimensional case, i.e., metamate-
rial flat plates with interconnected resonators.
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Previously, a beam with translational and rotational local resonances acting independently
on the transverse shear force and bending moment, respectively, was investigated and it was
shown that the translational resonance is much more efficient than the rotational one for ab-
sorbing flexural vibrations (Sun et al., 2010). Translational and rotational resonances were also
produced in chiral metamaterials, which use the coupling between negative dynamic mass and
bulk modulus to open large band gaps (Liu et al., 2011b). A resonator based on a truss model
with rotational and flexural behavior was also applied to suppress vibration in bridges (Brun
et al., 2013). The inertial amplification solution was designed to increase the vibration suppres-
sion in bars (Frandsen et al., 2016); however, the proposed mechanisms present moving parts
such as bearings and pins, which can produce energy losses at the junctions that degrade the vi-
bration attenuation. By using flexure hinges, this issue about inertial amplification methods was
solved (Acar and Yilmaz, 2013; Taniker and Yilmaz, 2017). Recently, it was also shown that
Bragg scattering and local resonance characteristics can be combined to open large band gaps
(Matlack et al., 2016; Coffy et al., 2017). On the other hand, metamaterials with directional or
anisotropic wave response have also received great attention due to focusing and localization
properties (Bigoni et al., 2013; Piccolroaz et al., 2017) as well as to polarization features (Lai
et al., 2011; Ma et al., 2016). The directional wave propagation due to the partial band gap
effect was investigated in lattice structures (Wang et al., 2014a), perforated metamaterial plates
(Andreassen et al., 2015), and continuum undulated plates (Trainiti et al., 2015) working as
phononic crystals, just to name a few.
In this work, the proposed metamaterial consists of a host beam or plate with periodically
attached resonators that are interconnected to each other creating a frame-like or metastructure.
In this resonator frame, translational and rotational effects are coupled, which increases the
transverse vibration absorption band in the host structure as well as creates directional wave
propagation in flat plates. The structural design and functionality as well as the continuity (i.e.,
this is not a lattice configuration) of the host structure are maintained. The model was designed
without moving parts, so that its fabrication via additive manufacturing with a single-phase
material is feasible and, therefore, it does not require expensive fabrication techniques. On the
other hand, by using a single-phase material with continuous geometry, all resonator parts play
an important role in mass and stiffness, which makes the band gap tuning process more delicate
(Qureshi et al., 2016).
The paper is organized as follows. The metamaterial beam model is presented in Section
5.2, wherein the one-dimensional governing equations of motion for the unit cell are presented.
The plane wave expansion method (PWE), which solves the analytical equations, and the fi-
nite element (FE) method are employed to obtain the band structure. The modal analysis of
the resonator chain is developed by using the corresponding lumped model. In Section 5.3, the
dispersion diagram results are provided as well as its parametric analysis. Also, the FE method
is used to compute and to compare the dynamic response of a one-dimensional finite structure
with experimental validation performed using additive manufactured samples. In Section 5.4,
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the investigation is extended to two-dimensions by employing an FE model, where directional
wave responses are also obtained. Finally, the conclusions are drawn in Section 3.5. Moreover,
three appendices, which support the main development, are provided. In Section 5.6, the Tim-
oshenko beam theory is described, in Section 5.7, the balance of momentum for the resonator
interconnections is solved for different boundary conditions and, in Section 5.8, the compo-
nents of mass and stiffness matrices used to compute the band structure by the PWE method are
presented.
5.2 Metamaterial beam model
The objective here is to design a continuous three-dimensional solid structure without
moving parts that can be created by additive manufacturing with a single-phase material. How-
ever, simple theoretical models are preferable to understand and interpret the physical effects
as well as to save computational time. Therefore, the one-dimensional continuum beam model
will be used to understand the three-dimensional solid model.
5.2.1 Governing equations of motion
The unit cell shown in Fig. 5.1 is composed of two connected beams. The top one is the
host structure (H) while the bottom one is composed of the inertia-like (I) and interconnecting
parts (C), the latter coupling the inertia of the 𝑛𝑡ℎ unit cell to the neighboring (𝑛 − 1)𝑡ℎ and
(𝑛 + 1)𝑡ℎ unit cell inertias. The bottom beam can be seen as a frame with geometric and/or
material modulation properties. Moreover, top and bottom beams are connected periodically
by spring-like elements (S) that present longitudinal stiffness, 𝑘LL and 𝑘LR, transverse stiffness,
𝑘T, and rotational stiffness, 𝑘RL and 𝑘RR. The Timoshenko beam theory (Timoshenko, 1921;
Timoshenko, 1922) (see Section 5.6 for the Timoshenko equations of a single beam), which
includes both rotary inertia and shear deformation effects, is used. Hence, the harmonic gov-
erning equations of motion for the system composed of two elastic, linear and isotropic beams
connected periodically to each other with springs can be obtained. The coupled equations for
the top (𝑗 = 1) and the bottom (𝑗 = 2) beams are:
𝜕𝑁𝑗(r)
𝜕𝑥


































Figure 5.1: One-dimensional metamaterial beam model: host structure H (in gray color), inertia-
like elements I (in yellow color), spring-like elements S (in red color) and interconnections C
(in blue color).
where 𝜌, 𝐸, 𝑆, 𝜅, 𝐴, 𝐼 and 𝜔 are, respectively, the mass density, the Young’s modulus, the shear
modulus, the shear coefficient, the cross-section area, the area moment of inertia and the angular
frequency. Elastic and shear modulus are linked by 𝑆 = 𝐸/[2(1 + 𝜈)], where 𝜈 is the Poisson
coefficient. Continuum and discrete location are, respectively, r = 𝑥a and R = 𝑙𝐿a, where a is
the direct lattice vector, 𝐿 is the unit cell length and 𝑙 is an integer. Moreover, the longitudinal,
transverse and rotational inter-coupling forces in Eq. (5.1) are
𝑓uu = 𝑘LL [u1(R) − u2(R)] , 𝑓u𝜑 = 𝑘LR [𝜑1(R) − 𝜑2(R)] ,
𝑓𝜑u = 𝑘RL [u1(R) − u2(R)] , 𝑓𝜑𝜑 = 𝑘RR [𝜑1(R) − 𝜑2(R)] ,
𝑓w = 𝑘T [w1(R) − w2(R)] ,
(5.3)
and 𝛿(r) is the Dirac delta function. In addition, u𝑗 , w𝑗 , 𝜑𝑗 , 𝑁𝑗 , 𝑄𝑗 and 𝑀𝑗 are, respectively, the
longitudinal displacement, transverse displacement, rotation angle, axial force, shear force and
bending moment of the top (𝑗 = 1) and bottom (𝑗 = 2) beams. By using the classical stiffness
method of structural mechanics (Hjelmstad, 2005), the lumped springs can be expressed as a












and 𝑘T = 𝐸S𝐴S𝐿S , (5.4)
where 𝛽 = 𝐸S𝐼S/(𝜅𝑆S𝐴S𝐿2S). While 𝑘T is computed by using the rod theory and by imposing a
clamped condition at one end and a longitudinal displacement at the opposite end, the coupled
longitudinal/rotational lumped stiffness matrix is obtained by employing the Timoshenko beam
theory and by imposing a clamped condition at one end and a rotation angle plus a transverse
displacement at the other end.
5.2.2 Band structure computation
Herein, the band structure is computed by the PWE and FE methods, where the fre-
quencies/eigenvalues and waveshapes/eigenvectors are obtained for a given real part of the
wavenumbers. Moreover, the eigenvectors represent the spatial distribution of displacements
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and rotations of the unit cell. The PWE and FE methods provide the same results. However,
the former is preferable for its low computational cost and analytical insights, while the latter
is preferable for complex unit cell analyse. In addition, the transfer matrix method could also
be applied to compute the complex wavenumbers through analytical equations (Romeo and
Luongo, 2002).
PWE dispersion analysis
Bloch’s theorem can be employed because the structure is periodic. Hence, the displace-






where v𝑗 could be u𝑗 , w𝑗 or 𝜑𝑗 and the direct lattice or physical space is represented by r = 𝑥a.
Furthermore, G1 = 𝑛b with 𝑛 integer, where b is the reciprocal lattice vector defined by
b = (2𝜋/𝐿)a, and k = 𝑘b is the Bloch wave vector or wavenumber. To obtain the band
diagram, the wavenumber is varied within the Irreducible Brillouin Zone (IBZ), 𝑘 ∈ [0 1
2
].
The geometric and/or material properties of the top and bottom beams can also be de-
scribed in Fourier series, of which the coefficients are obtained by integrating the periodic prop-













where 𝜉𝑗 could be 𝜌𝑗𝐴𝑗, 𝜌𝑗𝐼𝑗, 𝐸𝑗𝐴𝑗, 𝜅𝑆𝑗𝐴𝑗 or 𝐸𝑗𝐼𝑗 and G2 = 𝑛b with 𝑛 integer.
The harmonic governing equations of motion, Eq. (5.1), involve the multiplication of
two functions, as ℎ𝑗(r) = 𝜉𝑗(r)v𝑗(r), one that describes the beam property distribution, 𝜉𝑗(r),
and another that represents the displacement or rotation angle field, v𝑗(r). These functions are




𝜉𝑗(G1 −G2) v̂𝑗(G2) , (5.7)
is used to obtain the Fourier coefficients of a product using the coefficients of the independent
functions, Eqs. (5.5)–(5.6).
However, for Fourier coefficients with complementary jump, the inverse rule must be














corresponds to the Toeplitz matrix. While 𝜌𝑗𝐴𝑗(r) u𝑗(r), 𝜌𝑗𝐴𝑗(r) w𝑗(r) and
𝜌𝑗𝐼𝑗(r) 𝜑𝑗(r) are expanded by Laurent’s rule, the inverse rule is used to expand all the other
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terms, such as, for instance,𝐸𝑗𝐴𝑗(r) u𝑗(r),𝐸𝑗𝐼𝑗(r) 𝜑𝑗(r), 𝜅𝑆𝑗𝐴𝑗(r) w𝑗(r) and 𝜅𝑆𝑗𝐴𝑗(r) 𝜑𝑗(r).
In addition, the discrete inter-coupling forces represented by the Dirac comb in Eq. (5.1)
also need to be written in Fourier series form (Xiao et al., 2012; Torrent et al., 2013). First, the










where 𝑓𝑝(0) depends on the displacements and rotations evaluated at r = 0 (i.e. v𝑗(0)), which,





The term between brackets in Eq. (5.9) is also described in Fourier series expansion by
using the comb property and the Fourier transform of the Dirac function (Xiao et al., 2012;









Therefore, by replacing Eqs. (5.7) to (5.11) in Eq. (5.1) and by using the orthogonality





























































































































where 𝑚 = 𝑛+ 𝑛 given the fact G3 = G1 + G2 and G3 = 𝑚b with 𝑚 integer. The following
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shorthand notation was replaced in Eq. (5.12), v̂𝑗(G𝑔) = v̂𝑗(𝑛*) and 𝜉𝑗(G𝑔) = 𝜉𝑗(𝑛*), where 𝑛*
is 𝑛, 𝑚− 𝑛 and 𝑛, respectively, for 𝑔 = 1, 2 and 3.
To solve numerically the eigenvalue problem in Eq. (5.12) for 𝑗 = 1 and 2, the summation
must be truncated in a finite number of terms. By choosing 𝑛,𝑚 ∈ [−𝜁, ...,+𝜁] where 𝜁 is inte-
ger, the number of plane waves used is (2𝜁 + 1). Thus, in matrix representation, the eigenvalue
problem dimension is (12𝜁 + 6) × (12𝜁 + 6), and it is given by:⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
K̃11 0 K̃13 K̃14 0 K̃16
0 K̃22 K̃23 0 K̃25 0
K̃31 K̃32 K̃33 K̃34 0 K̃36
K̃41 0 K̃43 K̃44 0 K̃46
0 K̃52 0 0 K̃55 K̃56




















where M̃* = diag( M̃1, M̃2, M̃3, M̃4, M̃5, M̃6 ). For the sake of conciseness, the elements
of the mass and stiffness matrices in Eq. (5.13) are described in Section 5.8.
FE dispersion analysis
To compute the band diagram by the FE method, the unit cell is meshed with FE elements
(Petyt, 2010). The equations of motion can be written as (−𝜔2M + K)q = f , where q is
the discrete displacement/rotation vector composed of all degrees of freedom, f is the vector of
internal efforts, M is the mass matrix and K is the stiffness matrix. The quasi-periodic boundary
conditions are enforced by applying Bloch’s theorem (Brillouin, 1953; Kittel, 1986) on the cell
boundaries and by considering that plane waves propagate in the structure, i.e., q = Λ𝑅q,
where q is the reduced displacement/rotation vector and Λ𝑅 is a right linear transformation of



















where qL, qR and qI correspond to left boundary, right boundary, and internal degrees of free-
dom, respectively. Moreover, 𝜆 = 𝑒i𝜇, where 𝜇 = 2𝜋𝑘 is the propagation constant and 𝑘 is the
wavenumber in the 𝑥 direction of the reciprocal lattice. If no external forces are applied on the
unit cell, the equilibrium on the degrees of freedom q* (where q* is the complement of q̄ in q,










By multiplying the governing harmonic equations of the unit cell on the left-hand side by
Λ𝐿 and on the right-hand side by Λ𝑅, the mass and stiffness matrices are described in a reduced




q = 0 , (5.16)
where M = Λ𝐿MΛ𝑅 and K = Λ𝐿KΛ𝑅. In this procedure, 𝑘 varies within the IBZ, i.e.,
𝑘 ∈ [0 1
2
] for the one-dimensional case; thus, 𝜇 ∈ [0 𝜋]. Equation (5.16) was implemented in
Matlab®, while the mass (M) and stiffness (K) unit cell matrices were extracted from Ansys®.
5.2.3 Modal analysis of the resonator chain
The free-body diagram of unit cell is shown in Fig. 5.2, where the inertia elements I are
modeled as a lumped translational mass, 𝑚I, and a lumped rotational inertia, 𝐽I. The connect-
ing elements C deform with the lumped inertia motion, which leads to a transverse shear force,
𝑄𝑏I, and bending moment, 𝑀
𝑏
I , at its left (𝑏 = 𝑙) and right (𝑏 = 𝑟) ends. If the resonators are
independent, i.e.,𝑄𝑏I and𝑀
𝑏
I are zero, their modes are decoupled and the rotational motion does
not influence significantly the transverse vibration. Hence, the analysis becomes similar to other
metamaterial beams where just the in-phase transverse mode of the resonator is taken into ac-
count. However, for interconnected resonators, by assuming that the longitudinal displacement
can be neglected (i.e, uI ≈ 0) and that the inertia elements are modeled as rigid bodies, the
balances of linear and angular momentum must be satisfied, which yield (Rao, 2007):





















where wI and 𝜑I are, respectively, the generalized transverse displacement and rotation angle
which are placed at the middle of inertia element; therefore, the transverse displacement and
rotation angle at any inertia point 𝑥 is given, respectively, by w*I(𝑥) = wI+𝑥𝜑I and 𝜑
*
I(𝑥) = 𝜑I.
Thus, by assuming small rotation angles, a constraint equation that relates 𝜑I with the inertia
end displacements wI (∀ wI = |w*I(𝑥 = ±𝐿I/2)|) may be written as 𝜑I = 2wI/𝐿I, with
𝐿I + 𝐿C = 𝐿.
An infinite resonator chain has four main vibration modes as shown in Fig. 5.3: the trans-
verse in-phase (TI), the transverse out-of-phase (TO), the rotational out-of-phase (RO) and the
rotational in-phase (RI). Their analytic angular frequencies are:
𝜔TI =
√︀
𝑘T/𝑚I , 𝜔TO =
√︀
(𝑘T + 48𝛾) /𝑚I ,
𝜔RO =
√︀
(𝑘RR + 4𝐸C𝐼C/𝐿C) /𝐽I and
𝜔RI =
√︀
[𝑘RR + 12𝛾𝐿I (𝐿C + 𝐿I)] /𝐽I,
(5.18)
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Figure 5.2: Free-body diagram for the bottom beam of the 𝑛𝑡ℎ unit cell an its interactions with
left and right interconnection elements.
Figure 5.3: Vibration modes of the infinite resonator chain: transverse in-phase (a), transverse
out-of-phase (b), rotational out-of-phase (c) and rotational in-phase (d).





ℎ2I/2), and ℎI is the inertia height. Equation (5.18) is obtained by using Eq. (5.17) and by
writing 𝑄𝑏I and 𝑀
𝑏
I in terms of the transverse displacement, wI, and/or the rotation angle, 𝜑I
(this procedure is presented in Section 5.7). By analyzing these equations , it is possible to verify
that 𝜔TI is not influenced by the interconnections. While, in 𝜔TO, the transverse shear forces act
on 𝑚I increasing the equivalent transverse stiffness, in 𝜔RO, only bending moments that operate
on the rotational inertia appear, increasing the equivalent rotational stiffness. Finally, for 𝜔RI,
the shear transverse forces act on 𝐽I, which increases the equivalent rotational stiffness.
(a) (b) (c)
Figure 5.4: Unit cell geometry for the metamaterial beam in three-dimensional view (a), lateral
view (b) and front view (c).
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5.3 Metamaterial beam results
The metamaterial beam structure is made of polyamide with mass density 𝜌 = 1000
kg/m3, Young’s modulus 𝐸 = 1.5 GPa and Poisson coefficient 𝜈 = 0.30. The geometric param-
eters of the unit cell (Fig. 5.4) are 𝑎H = 25 mm, 𝑏H = 15 mm, 𝑐H = 15 mm, 𝑎S = 1 mm, 𝑏S = 1
mm, 𝑐S = 10 mm, 𝑎I = 21 mm, 𝑏I = 7 mm, 𝑐I = 7 mm, 𝑎C = 2 mm, 𝑏C = 1 mm and 𝑐C = 1
mm. In the previous section notation, 𝐿S = 𝑐S, 𝐴S = 𝑎S𝑏S, 𝐼S = 𝑏S𝑎3S/12, ℎI = 𝑐I, 𝐿I = 𝑎I,
𝐴I = 𝑏I𝑐I, 𝐿C = 𝑎C, 𝐴C = 𝑏C𝑐C and 𝐼C = 𝑏C𝑐3C/12. The ratio of the resonator mass (𝑚I) to
the host structure mass (𝑚H) is 𝑚I/𝑚H ≈ 0.19. For the PWE method calculation, 𝜁 = 10 was
used, i.e, the Fourier series was expanded by 21 plane waves. For the FE method computation,
BEAM188 Timoshenko beam elements from Ansys® were used to construct the unit cell. This
FE element has 3 degrees of freedom (𝑢𝑥, 𝑢𝑦 and 𝜑) per node and 2 nodes per element. In ad-
dition, the dimensionless angular frequency is given by 𝜔 = 𝜔𝑎H/2𝜋𝑐𝐿, where 𝑐𝐿 =
√︀
𝐸/𝜌 is
the longitudinal wave speed of an equivalent homogeneous rod.
5.3.1 Band structure analysis
In Fig. 5.5(a), the band structures of the unit cell with independent resonators computed
via PWE and FE are plotted and their results are in good agreement. The almost flat branches
correspond to the rotational-longitudinal resonator modes; they appear at 𝜔 ̸= 0 because 𝑘LL,
𝑘LR, 𝑘RL and 𝑘RR are ̸= 0 and 𝐽I ̸= 0 (see wavemodes III and IV in Fig. 5.5). These modes
operate only on the axial force and bending moment; consequently, they do not attenuate trans-
verse vibration efficiently (Sun et al., 2010; Xiao et al., 2013). Moreover, the straight red branch
is related to the longitudinal wave in the host structure (see wavemode I in Fig. 5.5) which is
coupled to rotational-longitudinal resonator modes at low frequencies. The other two dispersive
branches in blue are related to the interaction between the flexural wavemode of the host beam
(see the wavemode II in Fig. 5.5) with the transverse wavemode of the resonator opening the
band gap around 𝜔 = 0.040. The bottom (𝜔 = 0.040) and top (𝜔 = 0.042) limits of the band
gap are controlled by the translational mode of the resonator (see the wavemodes V and VI in
Fig. 5.5). In this independent configuration, the band gap opens towards higher frequencies, i.e.,
its lower limit is ≈ 𝜔TI.
The band structure for interconnected resonators is shown in Fig. 5.6a, where FE and
PWE results are also in agreement. In the FE results, the red branches, wavemodes I and II
in Fig. 5.6, correspond to longitudinal waves in the host structure and in the resonator chain,
respectively. In addition, the interconnected resonators create a chain, a beam-like structure with
modulated material and/or geometric properties. Hence, the rotational and transverse modes of
the resonator chain split (see wavemodes IV/VII and V/VI in Fig. 5.6). Their interaction with
the flexural wave of the host beam (see the wavemode III in Fig. 5.6) opens two band gaps,
a large one at the same frequency of the independent resonator case (see the wavemodes A
126
(a) (b)
Figure 5.5: Band structure (a) and waveshapes at specific points (N) (b) for independent res-
onators. The band structure was computed by FE (∙) and PWE () methods, where the gray area
corresponds to the flexural band gap, the red markers to waves in the 𝑥-direction and the blue
markers to waves in the 𝑦-direction.
(a) (b)
Figure 5.6: Band structure (a) and waveshapes at specific points (N) (b) for the interconnected
resonators. The band structure was computed by FE (∙) and PWE () methods, where the gray
areas correspond to flexural band gaps, the red markers to waves in the 𝑥-direction and the blue
markers to waves in the 𝑦-direction.
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and B in Fig. 5.6) and a smaller one at higher frequencies (see the wavemodes C and D in
Fig. 5.6). Moreover, the analytical angular frequencies for wavemodes IV and V in Fig. 5.6
at 𝜇/𝜋 = 0, and for wavemodes VI and VII in Fig. 5.6 at 𝜇/𝜋 = 1 are given by the modal
vibration frequencies of TI, RI, RO and TO, respectively. Herein, 𝜇/𝜋 = 0 and 𝜇/𝜋 = 1
are the symmetric and anti-symmetric planes of the resonator chain vibration. Hence, in the
case of interconnected resonators, the rotational inertia/spring-like system is also operating to
attenuate transverse vibrations of the host structure, which can be seen in the wavemodes A-D,
where the inertia-like component I presents transverse displacement and rotation motion. For
the same mass fraction, the ratio of the bandwidth of the interconnected configuration (𝛽𝑐) to
the bandwidth of the independent configuration (𝛽𝑖) is 𝛽𝑐/𝛽𝑖 ≈ 2.8. These results reveal that
the proposed solution is more efficient than the isolated resonators and that rotational inertia
can be used to absorb transverse vibration energy from the host structure by coupling it with
the vertical resonator translation. In this configuration, the larger band gap opens towards lower
frequencies, i.e., its upper limit is ≈ 𝜔TI.
A parametric analysis of the band gaps by varying the interconnection properties is pro-
vided in Fig. 5.7(a) with zoom at 𝜔 ∈ [0.02 0.06] in Fig. 5.7(b), where 𝛼 is the parameter
weighting the interconnection material properties, 𝐸C = 𝐸/𝛼 and 𝜌C = 𝜌/𝛼. The geometric
parameters, 𝑏C and 𝑐C, could have been varied instead of the material parameters, 𝐸C and 𝜌C;
however, for higher values of 𝑏C and 𝑐C, the beam theory would not be valid anymore, which
explains our choice of varying the material properties. By using the map in Fig. 5.7(a), the value
of 𝛼 which maximizes the bandwidth for the interconnected resonators can be found and used
to design the material and/or the geometrical properties of the interconnection C. In addition,
the case of independent resonators corresponds to a large 𝛼. The angular frequencies of the vi-
bration modes described by Eq. (5.18) are also plotted in Fig. 5.7(a,b). The region between the
points P and Q presents the largest bandwidth, where P and Q are the coincidence frequencies
𝜔TI = 𝜔RI and 𝜔TI = 𝜔RO, respectively (see Fig. 5.7(a)). Hence, they can be used to design the
minimum and maximum values of the interconnection properties to obtain the largest band gap.
From Eq. (5.18) can be show that:
4𝐸C𝐼C/𝐿C < 𝜓 < 12𝛾𝐿(𝐿− 𝐿C), with 𝜓 = 𝐽I𝑘T/𝑚I − 𝑘𝑅. (5.19)
Three band gap zones are observed in Fig. 5.7(a). The first one corresponds to a larger 𝛼,
i.e., almost independent resonators, and it closes when the angular frequency of the out-of-phase
and in-phase transverse vibration modes split, i.e., they are not degenerate anymore. The second
one corresponds to the larger band gap at low frequencies, and it is bounded by the in-phase
transverse vibration mode at the top boundary and by its crossing to in-phase and out-phase
rotational vibration modes at the left and right boundaries, respectively. Finally, the smallest
band gap at higher resonance frequencies opens when 𝜔RI ≈ 𝜔TO.





Figure 5.7: Band gap parametric analysis as a function of the interconnection properties 𝛼,
where the colors represent the band gap width. The left column plots show the band gap tuning
analysis computed for 𝑎S = 1 mm (a), 𝑎S = 0.25 mm (c) and 𝑎S = 4 mm (e). The right column
plots show the analysis of 𝐽I/𝑚I ratio computed for 𝑏I = 7 mm – 𝑐I = 7 mm (b), 𝑏I = 1 mm
– 𝑐I = 49 mm (d) and 𝑏I = 24.5 mm – 𝑐I = 2 mm (f).
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Figure 5.8: Band gap parametric analysis as a function of the interconnection properties 𝛼 when
𝜔T < 𝜔R, where the colors represent the band gap width. The resonator chain geometric prop-
erties used were: 𝑎S = 5 mm, 𝑏S = 1 mm, 𝑐S = 30 mm, 𝑎I = 5 mm, 𝑏I = 34 mm, 𝑐I = 6 mm,
𝑎C = 10 mm, 𝑏C = 1 mm and 𝑐C = 1 mm.
ing the 𝜔TI tuning, as occurs in the independent resonator case. Herein, the cross-section area of
the S components was changed through 𝑎S (where 𝐴S = 𝑎S𝑏S) to keep the same resonator-host
structure mass relation. However, the I components can also be changed to achieve the same
results. For the same 𝑚I/𝑚H mass ratio, at low frequencies, the bandwidth is narrow (see Fig.
5.7(c)), while, at higher frequencies, the bandwidth is large (see Fig. 5.7(d)).
Another analysis was performed by varying 𝐽I through 𝑐I (where 𝐽I = [𝑚I(𝑐2I +
𝑎2I)/12](1 + 𝑐
2
I/2)), and keeping 𝑚I (i.e., 𝐴I = 𝑏I𝑐I) constant without changing the spring-
like (S) elements (i.e., 𝑘T and 𝑘RR), as shown in Figs. 5.7(d) and 5.7(f). The bandwidth increases
or decreases slightly when the rotational inertia increases or decreases, respectively; however,
its location is shifted towards low frequencies. As emphasized in the introduction, this fact is
important because by increasing the 𝐽I/𝑚I ratio, a large band gap opens at low frequencies
with the same mass. Moreover, depending on the resonator properties and eigenfrequencies,
the I components do not behave as rigid bodies, but as elastic bodies. Therefore, the band gap
behavior does not rigidly follow the vibration mode lines (𝜔TI, 𝜔TO, 𝜔RO and 𝜔RI), which were
computed by assuming the inertia components as rigid bodies.
Finally, the necessary conditions for the interaction between transverse and rotational





𝑘RR/𝐽I correspond, respectively, to transverse and rotational vibration modes of the
independent resonators — and 2) 𝜔RI ̸= 𝜔RO. If 𝜔T < 𝜔R, the resonator chain vibration modes
split, but it is impossible to match the interconnection properties to open the large band gap,
and, if 𝜔RI ≈ 𝜔RO, the rotational modes do not split. An illustrative example is provided in Fig.




Figure 5.9: Dynamic response setup for a finite structure with 𝑁 unit cells (a). Transmission
responses with 𝑁 = 12 (b) and 𝑁 = 21 (c) unit cells, legend: baseline (-·- black), independent
resonators (- - blue) and interconnected resonators (— red); vertical lines (green) represent the
band gap prediction for the interconnected case.
5.3.2 Dynamic analysis
In this subsection, the forced response of a finite structure with𝑁 cells is computed via the
FE method. A small loss factor 𝜂 = 0.01, which does not change the band gap prediction (Belle
et al., 2017), is considered in this subsection. A transverse harmonic force is applied at one end
of the structure and the vibration transmission 𝜏 = 20log10|wo/wi| is calculated, where wi is
the transverse dynamic displacement at the input end and wo is the displacement at the output,
opposite end, as represented in Fig. 5.9(a). Free-free boundary conditions are employed. The
vibration transmission results are presented in Fig. 5.9(b) for 12 unit cells and in Fig. 5.9(c)
for 21 unit cells, where the independent and interconnected resonator cases are compared with
the structure without resonators, i.e, the baseline. These results are in accordance with the band
structure prediction (Figs. 5.5 and 5.6). For the independent resonator case, strong vibration
attenuation is obtained in a narrow bandwidth.
On the other hand, for the interconnected resonator case, two vibration attenuation zones
are produced: one with a large bandwidth with upper-bound frequency corresponding to the
eigenfrequency of the independent resonator, but with smaller attenuation, and another one
with a narrow bandwidth, at higher frequencies, and also lower attenuation. In the case of in-
terconnected resonators, some transmission peaks due to anti-resonances of input displacement
response (e.g. consider 𝜔 = 0.033 in Fig. 5.10) appear inside the attenuation band. However,
these peaks are not important for structures with more than 10 unit cells, where the band gap is
completely opened. In addition, the metamaterial structure responses are similar to the baseline
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Figure 5.10: Forced response for the interconnected resonator case with 𝑁 = 12 unit cells,
legend: transverse input displacement wi (- - blue) and transverse output displacement wo (—
red); vertical lines (green) represent the band gap prediction.
at frequencies lower than 𝜔 = 0.01. The metamaterial configurations, for instance, have the
same dynamic response before and after the band gap because host structure is the same and
similar 𝑚I/𝑚H ratio was used. In addition, for the cases presented, where the two band gaps are
closer, the transmission peaks between the band gaps are attenuated, which produces a large,
almost continuous attenuation zone (see Fig. 5.9(c)).
5.3.3 Experimental demonstration
Metamaterial beam samples with 12 unit cells were built with polyamide using selec-
tive laser sintering (SLS), Fig. 5.11(a-b). Impact tests were performed in order to validate the
numerical results. The structure was supported by nylon strings to approximate the free-free
condition and an impact hammer with force transducer PCB model 208A02 Piezotronics® was
used to impose an impulse excitation at one end. The dynamic velocities were measured at both
ends using a Laser Doppler Vibrometer from Polytec® and the LMS SCADAS® system was
used for data acquisition and signal processing (see Fig. 5.11(c) for the experimental setup).
Experimental transmission results for the host structure with independent, interconnected, and
without resonators are presented, respectively, in Fig. 5.11(d-f). These results are compared to
one-dimensional FE numerical predictions, where the material properties — 𝜌𝑗 , 𝐸𝑗 and 𝜈 —
were adjusted (see Table 5.1) to match the experimental data. This material property fitting was
necessary since the models built by additive manufacturing present material and geometry vari-
ability (Hague et al., 2003; Goodridge et al., 2012; Beli et al., 2016). A trial and error procedure
was employed, where the H properties were adjusted by using the first resonance peaks; then,
by analyzing the band gap location and width, the S and I properties were adjusted; finally,
the C properties were adjusted to match the plots at the attenuation zones. The numerical and
experimental vibration transmission plots are in good agreement, with some differences mainly






Figure 5.11: Metamaterial beam samples with independent (a) and interconnected (b) res-
onators. Experimental setup (c). Vibration transmission results for the matematerial beam with
independent (d), interconnected (e) and without (f) resonators: one-dimensional FE model (-⋆-
red) and experimental (— blue); the vertical lines (green) represent the band gap prediction.
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(a) (b)
Figure 5.12: Experimental forced response results for the matematerial beam with independent
(a) and interconnected (b) resonators: transverse input displacement wi (-⋆- blue) and transverse
output displacement wo (— red).
Table 5.1: Material properties — 𝜌𝑗 (kg/m3), 𝐸𝑗 (GPa) and 𝜈 — used to fit the FE metamaterial
beam simulations to experimental data.
𝜌H 𝐸H 𝜌S 𝐸S 𝜌I 𝐸I 𝜌C 𝐸C 𝜈
Baseline 1000 1.52 - - - - - - 0.1
Independent 1000 1.50 1000 1.50 1050 1.50 - - 0.3
Interconnected 1000 1.50 1000 1.50 1000 1.50 1000 1.05 0.1
lines represent the lower and upper bounds for the predicted band gap). As discussed in the pre-
vious section, some transmission peaks appear inside the band gap because of anti-resonances
of the input displacement response (notice the anti-resonance frequencies at 𝜔 = 0.038 in Fig.
5.12(a) and at 𝜔 = 0.032 in Fig. 5.12(b)). However, for the experimental results, this effect
can be more pronounced, as it is the case in the first band gap of the interconnected configu-
ration, Fig. 5.11(e). The influence of material/geometric variability on the beam and resonators
may be the cause of this more distinct peak, since the numerical model also captures this effect
(in minor scale) after the material properties were adjusted. In conclusion, this experimental
investigation confirms that the interconnected resonator configuration has a larger attenuation
band and it is more efficient to reduce transverse vibration transmission than the independent
resonator configuration.
5.4 Metamaterial plate results
In this section, a two-dimensional configuration of the proposed metamaterial is investi-
gated. The unit cell is composed of the host structure, which is a square plate, and resonators,
which are organized in a rectangular grid. The resonators have a cross shape and are intercon-
nected in both directions (𝑥 and 𝑧) to the neighboring resonator inertias (see Fig. 5.13). The
same material — polyamide with properties 𝐸 = 1.5 GPa, 𝜌 = 1000 kg/m3, 𝜈 = 0.3 — and
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dimensionless parameters — 𝜔 = 𝜔𝑎H/2𝜋𝑐𝐿, where 𝑐𝐿 =
√︀
𝐸/𝜌 — from the previous section,
are used. Furthermore, the geometric parameters of the unit cell in Fig. 5.13 are 𝑎H = 20 mm,
𝑏H = 20 mm, 𝑐H = 4 mm, 𝑎S = 1 mm, 𝑏S = 1 mm, 𝑐S = 10 mm, 𝑎I = 16 mm, 𝑏I = 4 mm,
𝑐I = 4 mm, 𝑎C = 2 mm, 𝑏C = 2 mm and 𝑐C = 1 mm. The ratio of the resonator mass to the host
structure mass is 𝑚I/𝑚H ≈ 0.32.
(a) (b) (c)
Figure 5.13: Unit cell geometry for the metamaterial plate in three-dimensional view (a), lateral
view (b) and bottom view (c).
The band structure as well as the dynamic response were computed via the FE method.
BEAM188 Timoshenko beam and SHELL181 Mindlin-Reissner plate elements from Ansys®
were used to model the resonators and host structure, respectively. The latter has 6 degrees
of freedom per node (𝑢𝑥, 𝑢𝑦, 𝑢𝑧, 𝜑𝑥, 𝜑𝑦 and 𝜑𝑧) and 4 nodes per element, while the former
has 6 degrees of freedom per node (𝑢𝑥, 𝑢𝑦, 𝑢𝑧, 𝜑𝑥, 𝜑𝑦 and 𝜑𝑧) and two nodes per element.
Hence, these elements are compatible with each other. The dispersion diagram is also computed
by the FE method using Eq. (5.16). The full and reduced displacement vectors as well as the
linear transformations for two-dimensional rectangular periodicity (Mace and Manconi, 2008;
Hussein et al., 2014) are given by
(a) (b)
Figure 5.14: Direct (a) and reciprocal lattice with the First Brillouin Zone (b) for a two-
dimensional rectangular unit cell.
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(a) (b)
Figure 5.15: Band structure (a) and waveshapes at specific points (N) (b) for independent res-
onators. The in-plane and out-of-plane modes are represented, respectively, in red and blue;
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⎤⎥⎥⎥⎥⎦ ,
(5.20)
where qL, qR, qB, qT, q1, q2, q3, q4 and qI correspond to left edge, right edge, bottom edge,
top edge, left-bottom corner, right-bottom corner, left-top corner, right-top corner boundaries
and internal degrees of freedom, respectively. Moreover, 𝜆𝑥 = 𝑒i𝜇𝑥 and 𝜆𝑧 = 𝑒i𝜇𝑧 , where 𝜇𝑥 =
2𝜋𝑘𝑥 and 𝜇𝑧 = 2𝜋𝑘𝑧 being the propagation constants; in addition, 𝑘𝑥 and 𝑘𝑧 are, respectively,
the wavenumbers in the 𝑥 and 𝑧 directions of the reciprocal lattice. They vary within the IBZ,
i.e., 𝑘𝑥,𝑧 ∈ [0 12 ] (see Fig. 5.14); thus, 𝜇𝑥,𝑧 ∈ [0 𝜋].
5.4.1 Band structure analysis
The band structure for the unit cell with independent resonators is shown in Fig. 5.15(a),
where in-plane and out-of-plane wavemodes are represented in red and blue colors, respectively.
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(a) (b)
Figure 5.16: Band structure (a) and waveshapes at specific points (N) (b) for interconnected
resonators. The in-plane and out-of-plane modes are represented, respectively, in red and blue;
moreover, the complete flexural band gap is highlighted in green while the partial flexural band
gaps are highlighted in gray.
As in the beam case, a single complete flexural band gap opens because of the interaction
between the transverse mode of the resonator (see wavemodes A-D in Fig. 5.15) and the bending
wavemodes of the main structure. The almost flat branches of wavemodes I-II in Fig. 5.15
are degenerate and correspond to rotational modes of the resonator around the 𝑥- and 𝑧-axis;
moreover, wavemode III in Fig. 5.15 represents the rotation or torsion of the resonator around
the 𝑦-axis. In addition, the in-plane modes are related to longitudinal (see wavemode IV in Fig.
5.15) and shear (see wavemode V in Fig. 5.15) wave propagation in the plate, which are not
influenced by the resonators and also occur inside the complete flexural band gap.
The band structure for the unit cell with interconnected resonators is shown in Fig. 5.16(a),
where more complex wave dispersion and interaction is observed because of the coupling be-
tween rotations and displacements, both in- and out-of-plane. The out-of-plane vibration modes
of the resonators – transverse and rotational – also split, producing in-phase and out-of-phase
modes that interact with each other opening two bending/flexural band gaps in the host structure:
one large and complete at the same frequency of the transverse vibration mode of the indepen-
dent resonator, 𝜔T, and another small and partial, at higher frequencies. This second band gap
occurs at different spectrum frequencies for the vertical/horizontal, or Γ-X-M direction, and for
the diagonal, or M-Γ direction. Hence, a directional bending wave response is expected for the
interconnected resonator configuration, while this behavior is not predicted for the independent
resonator case.
By analyzing the wavemodes in Fig. 5.16(b), mode II is the in-phase translational mode
and mode III is the in-phase rotational mode of the resonator, the latter being degenerate. In
the Γ-X direction, the band gap behaves as in the metamaterial beam (compare the A-D wave-




Figure 5.17: Parametric analysis of the flexural band gaps by varying the interconnection prop-
erties for Γ-X-M-Γ (a), Γ-X-M (b) and M-Γ (c) reciprocal lattice directions, the colors represent
the band gap width.
in-phase and out-of-phase resonator vibration modes translate and rotate following the diago-
nal, where the interaction also opens two band gaps (see E-H wavemodes Fig. 5.16). The new
in-plane branches, which are represented in red color, correspond to longitudinal and shear in-
plane propagation within the resonator chain. Furthermore, shear and longitudinal waves of the
host structure do not change with the interconnections and these waves also propagate inside
the complete and partial flexural band gaps.
The parametric analysis of complete and partial flexural band gaps is also obtained by
varying the interconnection properties. In Fig. 5.17, the bandwidth is plotted as a function of
𝛼, where the Young’s modulus and density of the C components are given, respectively, by
𝐸C = 𝐸/𝛼 and 𝜌C = 𝜌/𝛼. As in the one-dimensional case, with specific properties, a large com-
plete flexural band gap opens. The partial flexural band gaps open only with the interconnected
resonators. Just one complete flexural band gap appears and it is not as wide as in the beam
case. For the plate, the ratio of the bandwidth of interconnected (𝛽𝑐), to the bandwidth of the
independent (𝛽𝑖) configuration is 𝛽𝑐/𝛽𝑖 = 1.78. In addition, for partial band gaps, 𝛽𝑐/𝛽𝑖 = 2.23
in the vertical/horizontal direction and 𝛽𝑐/𝛽𝑖 = 1.86 in the diagonal direction. It is not shown
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here, but the band gap can also be tuned at low or high frequencies, as in the beam case, by
changing the mass-like or spring-like resonator parameters.
5.4.2 Dynamic analysis
Vibration transmission
The dynamic responses are computed for a finite metamaterial plate composed of 20 unit
cells in the 𝑥 and 𝑧 directions. As in the beam case, a small loss factor 𝜂 = 0.01 is considered.
A harmonic, vertical, point force, is applied at the middle of the plate and the displacements are
measured at the middle of the upper edge and at the upper right corner. No boundary conditions
are enforced, i.e., the structure is free. The vibration transmissions for independent and inter-
connected resonators are presented in Fig. 5.18. The dynamic response in both directions and
for both configurations are in agreement at low frequencies because the same host structure de-
sign and similar𝑚I/𝑚H ratio were employed. As predicted by the band structure, the bandwidth
attenuation of the complete band gap is larger for interconnected resonators in both directions,
vertical/horizontal and diagonal; however, its amplitude reduction is smaller compared to the
case of independent resonators. The transmission attenuation results shown in this section are
in agreement with the results obtained for the metamaterial beam (see Section 5.3). In addi-
tion, in Fig. 5.18, no significant transmission drop can be noticed within the partial frequency
band gaps, which is in agreement with previous works, such as on undulated plates (Trainiti
et al., 2015). Despite the absence of transmission attenuation, these partial frequency band gaps
govern the transient wave propagation and energy flow in the structure. Finally, characteristic
directional vibration patterns are created in steady state regime, which are investigated in the
following subsection.
Directional response
The normalized displacement field was also computed for the entire plate at excitation
frequencies within the flexural band gaps, Fig. 5.19. For the complete flexural band gap (Fig.
5.19(a-b)), the dynamic response is almost the same for the independent and interconnected
cases, i.e., the high displacement is localized close to the excitation force. Although highly
attenuated, the vibration propagates along specific directions (horizontal/vertical, diagonal or
omnidirectional; in Figs. 5.19(a-b), the cases of propagation along the vertical/horizontal direc-
tions are shown). Far from the excitation, the plate does not move. Moreover, the interconnected
resonator configuration needs more unit cells to achieve the same amplitude attenuation. De-
pending on the excitation frequency, a directional response can be observed or not inside the
complete flexural band gaps. Further investigation is needed to explain this behavior.
For the interconnected resonators, within the partial band gap of Γ-X-M direction, (Fig.
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(a) (b)
Figure 5.18: Vibration transmission at the middle of the upper edge (𝑥 = 0 and 𝑧 = 0.2 m) (a)
and at the upper right corner (𝑥 = 0.2 m and 𝑧 = 0.2 m) (b) for a vertical harmonic force applied
at the middle of the plate (𝑥 = 0 and 𝑧 = 0) with independent (- - blue) and interconnected (—
red) resonators. The vertical lines (— green) represent the complete band gap prediction for the
interconnected case.
5.19(c)), the vibration propagates along the diagonal direction, while the horizontal and ver-
tical directions are isolated. In addition, within the partial band gap of the M-Γ direction, Fig.
5.19(f)), the vibration propagates along the horizontal and vertical directions, while the diagonal
direction is isolated. Hence, these partial band gaps provide a directional propagation pattern,
which can be used for vibration energy focusing. At these same frequencies, the independent
resonator configuration presents vibration over the whole structure (Fig. 5.19(c, e)), which is
also observed for flat plates without resonators. In addition, independent and interconnected
resonator cases have almost the same displacement distribution for horizontal/vertical direction
at 𝜔 = 0.0844 (compare Fig. 5.19(e) to Fig. 5.19(f)). On the other hand, at 𝜔 = 0.0539, the dy-
namic behavior of the metamaterial plate completely changes with the interconnections. Finally,
the directional effects in the metamaterial plate with interconnected resonators can be tuned to
lower or higher frequencies by changing the resonator chain properties, without affecting the
host structure design.
5.5 Conclusions
This work proposes a new elastic metamaterial beam and plate concept consisting of in-
terconnected resonators. This configuration promotes the rotational and transverse splitting of
the resonator chain vibration modes. Their interaction leads to a unique band structure with
two flexural band gaps, a large one at the transverse vibration frequency of the independent
resonators, and a small one which appears at higher frequencies. Their tuned frequency can be
controlled by the resonator properties, such as inertia and/or spring constants. Both band gaps
are also observed in finite structures. However, the host beam with interconnected resonators
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(a) 𝜔 = 0.0408 (b) 𝜔 = 0.0351
(c) 𝜔 = 0.0539 (d) 𝜔 = 0.0539
(e) 𝜔 = 0.0844 (f) 𝜔 = 0.0844
Figure 5.19: Plot of the magnitude of the normalized displacement field |w| at specific harmonic
excitation frequencies for independent (a, c and e) and interconnected (b, d and e) resonator
configurations.
141
needs more unit cells to produce a significant transmission reduction. Moreover, when designing
the interconnected resonators, the anti-resonances of the input displacement should be consid-
ered. Otherwise, peaks can occur within the attenuation band. The proposed metamaterial beam
was constructed by additive manufacturing with a single-phase material, without moving parts
and without affecting the host structure design. The experiments performed in theses metama-
terial beam samples are in good agreement with the numerical simulations computed by the FE
method. The PWE analytic equations for the band structure of the proposed metamaterial beam
were derived. Moreover, in-phase and out-of-phase transverse and rotational vibration modes of
the one-dimensional resonator chain were calculated analytically. They can be used to design
the connection properties to open a large band gap. In addition, the same effects were observed
for a square plate with interconnected cross-shaped resonators. This two-dimensional configu-
ration also presents directional wave propagation due to partial band gaps, which can be used
to focus the bending vibration energy in horizontal/vertical or diagonal directions.
5.6 Appendix A: Timoshenko beam theory
By formulating the dynamic equilibrium for the free-body diagram of a Timoshenko
beam slice, three governing equations, which describe the displacements and rotations (Tim-


































where 𝑁(r,𝑡), 𝑄(r,𝑡) and 𝑀(r,𝑡) are, respectively, the axial force, shear force and bending
moment (Hjelmstad, 2005). In addition, 𝑝u(r,𝑡), 𝑝w(r,𝑡) and 𝑝𝜑(r,𝑡) are the external axial force,
shear force and bending moment distributed loads, respectively.
5.7 Appendix B: Boundary conditions for the analytical vibration modes of a
resonator chain






I in Eq. (5.17) are written as a function of wI or
𝜑I to obtain the analytic angular frequencies of a one-dimensional resonator chain for specific
vibration modes. First, the compatibility of internal forces and moments at the interface between
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inertia (I) and interconnection (C) components (see Fig. 5.2) yields:
𝑄𝑙I = −𝑄𝑙C(𝐿C), 𝑄𝑟I = −𝑄𝑟C(0), 𝑀 𝑙I = −𝑀 𝑙C(𝐿C) and 𝑀 𝑟I = −𝑀 𝑟C (0) (5.23)
These shear transverse force and bending moment distributions in the interconnection
components can be derived for each vibration mode of Fig. 5.3 by using the structural mechanics
theory with appropriate boundary conditions (Hjelmstad, 2005).
By considering the corresponding static equilibrium of Eq. (5.21) (b-c), the governing
equations for a uniform and homogeneous Timoshenko beam deflection and rotation angle with-













where 𝑥C is the local reference system placed at the beginning of the interconnection elements.









C + 𝐶2𝑥C + 𝐶3
)︀
, (5.25)
where 𝐶𝑝 are the integration constants, with 𝑝 = 1, . . . , 4. By replacing Eq. (5.25) in the
















𝐶1𝑥C + 𝐶4 (5.26)
The inertia components are assumed rigid; therefore, each vibration mode imposes spe-
cific displacements and rotation angles at the interconnection boundaries, i.e., w𝑏C and 𝜑
𝑏
C. The
boundary conditions for the right (𝑏 = 𝑟) and left (𝑏 = 𝑙) interconnection elements (see Figs. 5.2
and 5.3) for transverse in-phase, transverse out-of-phase, rotational out-of-phase and rotational
in-phase are given, respectively, by
w𝑏C(0) = −wI, w𝑏C(𝐿C) = −wI, 𝜑𝑏C(0) = 0, 𝜑𝑏C(𝐿C) = 0 (5.27)
w𝑏C(0) = −𝜎wI, w𝑏C(𝐿C) = +𝜎wI,




w𝑏C(0) = −𝜎wI, w𝑏C(𝐿C) = −𝜎wI,
𝜑𝑏C(0) = −𝜎𝜑I, 𝜑𝑏C(𝐿C) = +𝜎𝜑I
(5.29)
w𝑏C(0) = −wI, w𝑏C(𝐿C) = +wI, 𝜑𝑏C(0) = −𝜑I, 𝜑𝑏C(𝐿C) = −𝜑I , (5.30)
where 𝜎 = −1 for the left (𝑏 = 𝑙) and 𝜎 = +1 for the right (𝑏 = 𝑟) interconnection elements,
and wI = 𝜑I𝐿I/2. By replacing these boundary conditions, Eqs. (5.27) to (5.30), respectively,
in Eqs. (5.25) to (5.26), the integration constants 𝐶𝑝 are obtained. Hence, the transverse dis-
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placement and rotation angle fields are also obtained for each vibration mode. By replacing
these expressions in Eq. (5.22), the shear force and bending moment distribution at the left
and right interconnection elements for transverse in-phase, transverse out-of-phase, rotational
out-of-phase and rotational in-phase modes are given, respectively, by
𝑄𝑏C(𝑥C) = 0 and 𝑀
𝑏
C(𝑥C) = 0 (5.31)
𝑄𝑏C(𝑥C) = −24𝜎𝛾wI and
𝑀 𝑏C(𝑥C) = −12𝜎𝛾 (𝐿C − 2𝑥C) wI
(5.32)
𝑄𝑏C(𝑥C) = 0 and 𝑀
𝑏
C(𝑥C) = −2𝜎 (𝐸C𝐼C/𝐿C)𝜑I (5.33)
𝑄𝑏C(𝑥C) = −12𝛾 (𝐿C + 𝐿I)𝜑I and
𝑀 𝑏C(𝑥C) = −12𝛾 (𝐿C + 𝐿I) (𝐿C − 2𝑥C)𝜑I ,
(5.34)
where 𝛾 = 𝐸C𝐼C𝜅𝑆C𝐴C/ (12𝐸C𝐼C𝐿C + 𝜅𝑆C𝐴C𝐿3C).
Finally, Eqs. (5.31) to (5.34) are used to evaluate the conditions in Eq. (5.23), which are
replaced in Eq. (5.17) to obtain the angular frequencies for each vibration mode in Eq. (5.18).
5.8 Appendix C: Mass and stiffness matrices of the PWE eigenvalue problem
The elements of vectors and matrices in Eq. (5.13) are detailed in this appendix. By know-
ing that 𝑛,𝑚 ∈ [−𝜁, ...,+𝜁] with 𝜁 integer, the corresponding component positions ?̃?, ?̃? vary
from 1 (for 𝑛,𝑚 = −𝜁) to 2𝜁 + 1 (for 𝑛,𝑚 = +𝜁); therefore, the displacement/rotation vector
elements are:
Û1(?̃?) = û1(𝑚), Ŵ1(?̃?) = ŵ1(𝑚), Φ̂1(?̃?) = 𝜑1(𝑚),
Û2(?̃?) = û2(𝑚), Ŵ2(?̃?) = ŵ2(𝑚) and Φ̂2(?̃?) = 𝜑2(𝑚),
the elements of the mass matrix are:
?̃?1(?̃?,?̃?) = 𝜌1(𝑚−𝑛)𝐴1(𝑚−𝑛), ?̃?2(?̃?,?̃?) = 𝜌1(𝑚−𝑛)𝐴1(𝑚−𝑛),
?̃?3(?̃?,?̃?) = 𝜌1(𝑚−𝑛)𝐼1(𝑚−𝑛), ?̃?4(?̃?,?̃?) = 𝜌2(𝑚−𝑛)𝐴2(𝑚−𝑛),
?̃?5(?̃?,?̃?) = 𝜌2(𝑚−𝑛)𝐴2(𝑚−𝑛) and ?̃?6(?̃?,?̃?) = 𝜌2(𝑚−𝑛)𝐼2(𝑚−𝑛),
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and the elements of the stiffness matrix are:
?̃?11(?̃?,?̃?) = (2𝜋/𝐿)
2[(𝑚− 𝑛)(𝑘 + 𝑛) + (𝑘 + 𝑛)2]𝑝1(𝑚−𝑛) + 𝑘LL/𝐿,
?̃?22(?̃?,?̃?) = (2𝜋/𝐿)
2[(𝑚− 𝑛)(𝑘 + 𝑛) + (𝑘 + 𝑛)2]𝑔1(𝑚−𝑛) + 𝑘T/𝐿,
?̃?23(?̃?,?̃?) = −i(2𝜋/𝐿)[(𝑚− 𝑛) + (𝑘 + 𝑛)]𝑔1(𝑚−𝑛),
?̃?32(?̃?,?̃?) = +i(2𝜋/𝐿)(𝑘 + 𝑛)𝑔1(𝑚−𝑛),
?̃?33(?̃?,?̃?) = (2𝜋/𝐿)
2[(𝑚− 𝑛)(𝑘 + 𝑛) + (𝑘 + 𝑛)2]𝑞1(𝑚−𝑛) − 𝑔1(𝑚−𝑛) + 𝑘RR/𝐿,
?̃?44(?̃?,?̃?) = (2𝜋/𝐿)
2[(𝑚− 𝑛)(𝑘 + 𝑛) + (𝑘 + 𝑛)2]𝑝2(𝑚−𝑛) + 𝑘LL/𝐿,
?̃?55(?̃?,?̃?) = (2𝜋/𝐿)
2[(𝑚− 𝑛)(𝑘 + 𝑛) + (𝑘 + 𝑛)2]𝑔2(𝑚−𝑛) + 𝑘T/𝐿,
?̃?56(?̃?,?̃?) = −i(2𝜋/𝐿)[(𝑚− 𝑛) + (𝑘 + 𝑛)]𝑔2(𝑚−𝑛),
?̃?65(?̃?,?̃?) = +i(2𝜋/𝐿)(𝑘 + 𝑛)𝑔2(𝑚−𝑛),
?̃?66(?̃?,?̃?) = (2𝜋/𝐿)
2[(𝑚− 𝑛)(𝑘 + 𝑛) + (𝑘 + 𝑛)2]𝑞2(𝑚−𝑛) − 𝑔2𝑚𝑛(𝑚−𝑛) + 𝑘RR/𝐿,
?̃?14(?̃?,?̃?) = −𝑘LL/𝐿, ?̃?41(?̃?,?̃?) = −𝑘LL/𝐿,
?̃?25(?̃?,?̃?) = −𝑘T/𝐿, ?̃?52(?̃?,?̃?) = −𝑘T/𝐿,
?̃?36(?̃?,?̃?) = −𝑘RR/𝐿, ?̃?63(?̃?,?̃?) = −𝑘RR/𝐿,
?̃?13(?̃?,?̃?) = +𝑘LR/𝐿, ?̃?46(?̃?,?̃?) = +𝑘LR/𝐿,
?̃?16(?̃?,?̃?) = −𝑘LR/𝐿, ?̃?43(?̃?,?̃?) = −𝑘LR/𝐿,
?̃?31(?̃?,?̃?) = +𝑘RL/𝐿, ?̃?64(?̃?,?̃?) = +𝑘RL/𝐿,

















6 WAVE ATTENUATION AND TRAPPING IN PHONONIC AND
METAMATERIAL BEAMS WITH SPATIALLY CORRELATED DIS-
TRIBUTIONS
Overview
This document is a preprint developed by D. Beli, A.T. Fabro, M. Ruzzene and J.R.F.
Arruda as a continuation of the works presented in Appendices C-E.
6.1 Introduction
Phononic crystals and metamaterials are periodic structures that have been used to control
and to manipulate acoustic and elastic waves through band gaps (i.e., frequency bands with no
wave propagation) (Brillouin, 1953; Lu et al., 2009; Maldovan, 2013; Hussein et al., 2014; Ma
and Sheng, 2016). Their applications include vibration attenuation (Huang and Sun, 2009) and
noise reduction (Yang et al., 2010), acoustic cloaking (Cummer and Schurig, 2007), acous-
tic lenses (Lin et al., 2009) as well as wave guiding by mechanical topological insulators
(Mousavi et al., 2015; Pal and Ruzzene, 2017). While in phononic crystals the band gap is
produced by Bragg scattering due to material or geometric periodic modulation (Sigalas and
Economou, 1992), in metamaterials the band gap effect is created by Mie-type resonances due
to inclusions that work like local resonators (Liu et al., 2000b). In addition, because of their in-
trinsicaly complex geometry, 3D printing has become one of the emerging topics in metamate-
rials (Christensen et al., 2015; Cummer et al., 2016; Wu et al., 2018). Manufacturing processes
introduce material and geometric variabilities (Hague et al., 2003; Goodridge et al., 2012),
which break the spatial periodicity mistuning the band gaps among the unit cells, and affecting
the wave propagation and the acoustic/vibration attenuation performance (Hodges and Wood-
house, 1983; Hodges, 1982; Langley, 1995). Moreover, the spatial periodicity disorder leads
to interesting physical phenomena such as localization (Anderson, 1958; Judge et al., 2006),
wave trapping (e.g. rainbow metamaterials) (Zhu et al., 2013; Chen et al., 2016; Tian and
Yu, 2017), attenuation widening (Ruzzene and Baz, 2000; Rupin et al., 2014; Hao et al., 2016;
Celli and Gonella, 2017) and bandwidth annihilation (Beli and de França Arruda, 2016; Sugino
et al., 2017).
Even though the effects of correlated disorder in periodic systems have been widely in-
vestigated (e.g. Scott (1985); Hodges and Woodhouse (1989)) and its effects on the Bragg
and locally resonant type band gap formation in other branches of physics (e.g. Mogilevtsev
et al. (2010); Mogilevtsev et al. (2011)), very few work has been done on investigating 3D
printed structures for structural dynamics applications. In addition, there exists a claim for more
experimental investigations in phononic and metamaterial structures manufactured in 3D print-
ing (Christensen et al., 2015; Cummer et al., 2016; Wu et al., 2018). Some differences between
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numerical simulations and experimental measurements in 3D printed structures has been ob-
served (Li et al., 2015; Cheng et al., 2015; Zhu et al., 2016; Trainiti et al., 2018), and pointed
the variability as the cause, without a deep analysis and comprehension of its effect on wave
propagation and dynamic response of the structure.
In this work, a set of ten metamaterial beams were constructed from additive manufactur-
ing. For each beam, cubic specimens were printed at each unit cell side such that measurements
of the local material properties could be estimated. This arrangement allowed a link between
the dynamic response and material distributions and a deeper understanding on band gap per-
formance. Moreover, the experimental standard deviation are relaxed by estimating the analytic
material distributions by the Karhunen-Loeve (KL) expansion which provides a framework to
represent variability and randomness with spatial correlation and then to quantify their effects
on the band gap performance through the Monte Carlo (MC) simulation. Differently from other
works, the phononic and metamaterial beam samples are compared to each other and are also
analyzed in ensembles by statistics which enables achieve a disorder limit for robust attenuation
performance.
6.2 Models
In elastic metamaterials, the wave coupling between host structure and locally resonant
inclusions opens the band gap causing the structural vibration attenuation (Yu et al., 2006; Xiao
et al., 2012; Qureshi et al., 2016). In this work, the metamaterial model consists of an I-beam
with periodically attached cantilever-in-mass resonators on both sides of the web, Fig. 6.1(a-
b). In undulated beams, Fig. 6.1(c) which is the phononic crystal model used in this work,
the coupling between flexural and longitudinal waves is due to the spatial modulation of the
curvature, which opens the band gaps. Moreover, it has been shown that the beam thickness and
the amplitude of the undulation are responsible, respectively, for the location and width of the
band gaps (Trainiti et al., 2015). The spatial orthogonal undulation of the neutral beam axis is
given by c(𝑥) = 𝑐0𝑐𝑜𝑠(2𝜋𝑥/𝑙𝑎), where 𝑙𝑎 is the unit cell length and 𝑐0 is the amplitude of the
undulation.
(a) (b)
Figure 6.1: Unit cell for the metamaterial beam with isometric, cross-section and resonator
views (a) and unit cell for the undulated beam in isometric view (b).
147
The metamaterial beams are composed of polyamide and are fabricated through additive
manufacturing (3D printing) using Selective Laser Sintering (SLS). For numerical purposes, the
mean values of the material properties of nylon have been used: elastic modulus 𝐸 = 1 GPa,
mass density 𝜌 = 1000 kg/m3, Poison coefficient 𝜈 = 0.3 and structural damping 𝜂 = 0.01. In
addition, for the metamaterial beam, the nominal geometric dimensions of the unit cell shown
in Fig. 6.1(a) are 𝑙𝑎 = 22 mm, 𝑙𝑏 = 17 mm, 𝑙𝑐 = 16 mm, 𝑙𝑑 = 2 mm, 𝑙𝑒 = 3 mm, 𝑙𝑓 = 5
mm, 𝑙𝑔 = 2 mm, 𝑙ℎ = 14 mm (the additional mass due to the resonators is around 20% of the
total mass of the beam). For the undulated beam, the nominal geometric dimensions of the unit
cell shown in Fig. 6.1(b) are 𝑑𝑎 = 0.020 m, 𝜉ℎ = 𝑑ℎ/𝑑𝑎 = 0.10, 𝜉𝑐0 = 𝑐0/𝑑𝑎 = 0.020 and
𝜉𝑏 = 𝑑𝑏/𝑑𝑎 = 0.5.
6.3 Results and Discussions
In this work, the dynamic results are shown as a Frequency Response Function (FRF)
given by 𝐺𝑖𝑗 = 𝑢𝑗/𝑓𝑖, where the input is a force 𝑓𝑖 and the output is a displacement 𝑢𝑗 . The
FRF provides a reciprocal response between any two degrees of freedom (DOF) (𝐺𝑎𝑏 = 𝐺𝑏𝑎)
even for asymmetric or nonperiodic structures. In quasiperiodic structures with any disorder
degree, the transmissibility response 𝜏𝑖𝑗 = 𝑢𝑗/𝑢𝑖 is not reciprocal between two points (𝜏𝑎𝑏 =
𝐺𝑎𝑏/𝐺𝑎𝑎 ̸= 𝜏𝑏𝑎 = 𝐺𝑏𝑎/𝐺𝑏𝑏), which can lead to wrong physical interpretations. Some works
in quasiperiodic systems show transmissibility results without any mention to the dependence
upon the DOF that was excited (Celli and Gonella, 2017; Trainiti et al., 2018).
6.3.1 Metamaterial beam
The band structure for the metamaterial beam, with six branches, is presented in Fig.
6.2(a). Two of the branches correspond to vertical flexural waves, two are due to lateral flexu-
ral waves, one represents the torsional wave, and one corresponds to a longitudinal wave. The
waveshapes that are responsible for the opening of the band gaps corresponding to torsional
(around 1100 Hz) and bending (around 1400 Hz) are due to the natural modes of the cantilever-
in-mass resonator. Moreover, the torsional mode also opens a small band gap in the vertical
flexural waves because torsion and bending motions are coupled by the cantilever-in-mass res-
onator. It can be noticed that each wavenumber presents a considerable imaginary part at the
local resonances, which means that the corresponding waves propagate, but rapidly decay, thus
inducing the vibration attenuation of the dynamic response, Fig. 6.2(b). Besides, the negative
derivatives given by the 𝒮 shapes in the band structure of Fig. 6.2(a) due to locally resonant band
gaps can be interpreted as a negative group velocity, i.e., the wave mode propagates energy in
the negative direction. This can be interpreted as negative dynamic mass or/and stiffness, as a
consequence of the assumed time harmonic motion (Liu et al., 2011b; Mace, 2014). Note that
for each propagating bending wave there is a correspondent non-propagating one.
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(a) (b)
Figure 6.2: (a) Band structure for the metamaterial beam with wave modes related to vertical
bending 1 (red), vertical bending 2 (blue), lateral bending 1 (cian), lateral bending 2 (green),
longitudinal (pink) and torsional (black) motion. Propagating component (positive axis) and
evanescent component (negative axis) of the wavenumbers. (b) Dynamic response for a finite
uniform metastructure with 15 unit cells; the force is applied in the vertical direction at one end
and the displacement is measured in the same direction at the other end.
Experimental investigations were performed in ten metastructure samples, which were
designed to have the same geometric and material properties in all unit cells. The experimental
set-up described in 6.5 was used for the forced response measurements and different vibration
attenuation behaviors were observed among the samples. In addition, following the ultrasound
experimental set-up also presented in 6.5, the material properties along the metastructure were
obtained (6.6) and a significant spatial variation between the unit cells was observed.
Firstly, the effects of breaking the resonators periodicity by correlated deterministic vari-
ability on the band gap performance is investigated by selecting four cases, namely MM1 to MM4.
The dynamic responses of the four samples are shown in Fig. 6.3(a-d), where the green lines
represent the spatial distribution of the elastic modulus and the blue lines are the band gap limits
for each unity cell. In the MM1 case, a small bandwidth (∆𝑓 ≈ 250 Hz) with deep attenuation
is observed which is related to small spatially variation of the material properties. In the MM2
case, the sine shape spatial distribution produces a slight increase of the bandwidth attenua-
tion (∆𝑓 ≈ 320 Hz). In the MM3 case, an almost linear variation creates a large bandwidth
(∆𝑓 ≈ 460 Hz) with small attenuation, which can be considered a better attenuation perfor-
mance compared to the previous cases. Finally, in the MM4 case, a variability similar to the MM3
case, two attenuation regions (∆𝑓 ≈ 340 Hz) are observed because the spatial distribution of
elastic properties are localized and have two distinct levels, one with 𝐸 ≈ 4 GPa and another
with 𝐸 ≈ 7 GPa; therefore, the variability shape influences the attenuation performance. By
comparing the almost homogeneous case (MM1) with the case with higher variability (MM4) the
attenuation bandwidth increases more than 80% because of the resonator mistuning. In addition,
these experimental results show a high correlation between the spatial distribution of material




Figure 6.3: Dynamic response for the metamaterial beam cases: MM1 (a), MM2 (b), MM3 (c) and
MM4 (d). Legend: experimental measurement in 3D printing model (red), numerical simulation
with FE model (black), experimental spatial distribution of elastic modulus (green) and band
gap limits for each unit cell (blue).
merical simulations, where the material inputs for each unit cell are the experimental spatial
distributions. For low frequencies (acoustic branch) and for the band gap region, the numeri-
cal and experimental results are in a good agreement and the FE model captures the physical
behavior involved. The FE validation confirms that the spatial distribution of material proper-
ties is responsible for the vibration attenuation of the dynamic response. However, the natural
frequencies (peaks in the FRF) do not match for high frequencies (optical branch), which can
be attributed to the simplicity of the beam model or by ortrotopy/anisotropy of the material
properties. It requires further investigations beyond the scope of this paper.
The resonator variability promotes a mistuning around the fundamental frequency which
can lead to localization and wave trapping. These phenomena were observed in quasiperi-
odic photonic systems that follow the Fibonacci, Thue-Morse, Rudin-Shapiro (Bellingeri
et al., 2017) or even in random disorder (Hodges and Woodhouse, 1983; Cai and Lin, 1991) and
correlated sequences distributions (Zhu et al., 2013; Tian and Yu, 2017). Moreover, quasiperi-





Figure 6.4: Displacement amplitude as a function of space-frequency for the cases: MM1 (a, c)
and MM4 (b, d). Observation of trapping wave by comparing the spatial displacement for the first
vibration mode after the band gap (e-f): case MM1 (blue) and case MM4 (red). Excitation locations
at unit cell 0 (a, b, e) and at unit cell 15 (c, d, f).
cause of defects in the periodicity (Luongo, 1992; del Barco and Ortuño, 2012). Another phe-
nomenon that can appear is the trapping waves (Trainiti et al., 2018; Hu et al., 2013). By impos-
ing an excitation force at one end named unit cell 0, the displacement as a function of space and
frequency is computed and shown in Fig. 6.4(a-b) for the MM1 and MM4 cases. A well defined at-
tenuation in space is achieved for the MM1 case, the vibration localization close to the excitation
occurs because of the finite nature of the metastructure (Sugino et al., 2017). However, for the
MM4 case, the resonances around the band gap are mitigated through the space which produces
a wave trapping. This effect appears because at a certain frequency part of structure closer to
the excitation point is not on the band gap region and other parts of structure far from excitation
are on the band gap region. It can be seen from the band gap limits changing in space of Fig.
6.3(d). Moreover, a reflection interface is created at the transition between these two regions,
creating a critical section, due to the local change from a propagating to a non-propagating
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wave. This is also know as a turning point (Biggs, 2012). In Fig. 6.4(e), the spatial distributions
of displacement for MM1 and MM4 cases are shown for the same vibration mode. In the first, the
whole structure vibrates, in the later, the attenuation occurs between unit cells 10 and 15 which
promotes the wave trapping and concentrates the vibration energy between unit cells 0 and 10.
Similar numerical simulations are shown in Fig. 6.4(c-d) by changing the excitation point to
the other end; i.e., the input force is imposed at unit cell 15. While the spatial distribution of
displacements is quite similar for the MM1 case (Fig. 6.4(c)), significant differences are observed
for the MM4 case especially at the wave trapping region, which is not created, instead a wide
attenuation zone can be noticed (Fig. 6.4(d)). These behaviors are also confirmed by the spatial
displacement distribution (Fig. 6.4(f)), where the vibration pattern changes with the excitation
inversion for the MM4 case. These results show an undesired wave trapping effect or a broadband
attenuation produced by the material variability, where the vibration pattern depends on the ex-
citation. Finally, this feature can be used, for instance, for energy harvesting, by placing sensors
where the mechanical energy is trapped and at the same time guaranteeing a robust attenuation
performance (Carrara et al., 2013; Tian and Yu, 2017).
(a) (b)
(c)
Figure 6.5: Parametric analysis in the metastructure with 15 unit cells for linear distribution
(a) (excitation at cell 0 and measurement at cell 15), spatial distribution for 𝛼 = 0.5 (b) (ex-
citation at cell 0); the colors represent the displacement amplitude in dB. Spatial displacement
distribution for excitation at cell 0 (blue) and at cell 15 (red) for 𝛼 = 0.5 at 𝑓 = 1070 Hz (c).
The previous results reveal that the vibration attenuation is highly affected by the spa-
tial configuration of the material properties, with increased attenuation bandwidth for a greater
variation of the material properties. FE numerical simulations were performed to better under-
stand the limits to controlling material variations among unit cells to enhance the attenuation
bandwidth. For this purpose, a deterministic linear variation of the Young’s modulus such that
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𝐸(𝑛) = 𝐸0[1 + 𝛼(𝑛 𝑙𝑎 − 𝐿/2)] is used. The dynamic response results obtained by changing
the slope of the variation 𝛼 are shown in Fig. 6.5(a). The uniform case corresponds to 𝛼 = 0
and the resonator mistuning increases with 𝛼. The attenuation bandwidth is the narrowest for
the uniform case (𝛼 = 0 with ∆𝑓 ≈ 160 Hz) and it reaches a maximum value at ?̃? = 0.35 with
∆𝑓 ≈ 570 Hz, which is around 3.5 times larger when compared to the homogeneous case. For
larger 𝛼 values, the vibration attenuation performance disappears. For 𝛼 > ?̃?, there are individ-
ual band gaps at spaced tuned frequencies, which produce vibration peaks between the narrow
attenuation zones; therefore, the resonator mistuning does not create a continuous broadband
attenuation. Finally, it is clear that the attenuation bandwidth increases while the attenuation
intensity decreases with the resonator mistunig, and the optimum 𝛼 depends on the amount of
resonators. Moreover, for the broadening of the bandwidth, a smooth variation of the Young’s
modulus with large number of small resonators is better than a small number of large resonators.
This avoids abrupt changes of the band gap limits and does not induce wave reflection due to
these local changes.
The spatial distribution of the displacement amplitude is shown for 𝛼 = 0.5 in Fig. 6.5(b),
where a clear wave trapping is observed. The wave attenuation interface in space-frequency is
created by the deterministic linear distribution. Differently from the rainbow phononic crystals
(Tian and Yu, 2017), this phenomenon can be used to tune the wave trapping and allow a con-
trolled energy harvesting at low frequency. In Fig. 6.5(c), vibration attenuation is observed for
excitation at left and right ends; however, for excitation at left end (unit cell 0), a wave trapping
is created which is in accordance with the band gap space tailoring.
Ensemble statistics
In this section, the variability due to the ensemble of metastructure samples is considered.
The mean, 5th and 95th percentile of the dynamic response of the metamaterial beams obtained
by experimental measurements and numerical simulations are shown in Fig. 6.6(a-b). The nu-
merical validation was performed using the Monte Carlo procedure with 250 samples, as a first
step, samples with spatially correlated random distributions are estimated by KL expansion (see
6.5 for the theory and 6.6 for the results), and, as a second step, the generated spatial distribution
of the material properties are included in the FE model to compute the dynamic response, after
the statistical convergence, the mean, 5th and 95th percentiles of the attenuation performance are
analyzed. A good agreement between the experimental and numerical statistics was achieved.
The differences appear meanly at the optical branch frequencies for the reasons discussed be-
fore; moreover, the small divergence inside the attenuation zone can be related to the small
number of experimental samples.
The variability is observed on the resonance frequencies of the beam as well as on the
vibration attenuation region, dominated by the local resonators. Even with large uncertainties
on the material properties, which reaches 18% for the elastic modulus, the vibration attenuation
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is guaranteed. Therefore, manufacturing metamaterials for vibration attenuation with 3D print-
ers seems feasible because the attenuation band is robust to the resulting material variability.
In the region dominated by the optical branch (after the band gap), the resonance frequencies
are highly affected by the variability, producing an almost flat region for the mean and the
percentiles. In conclusion, this comparison validates the MC simulation as well as the KL ex-
pansion, including the correlation function, correlation length and standard deviation used in




Figure 6.6: Statistics of the dynamic response of the metamaterial beam samples: mean (a),
5th and 95th percentile (b) from experimental measurements (red) and Monte Carlo simulation
(blue); 250 Monte Carlo simulation samples from various material standard deviations: 𝜎𝜌,𝐸 (c),
0.5𝜎𝜌,𝐸 (d), 0.75𝜎𝜌,𝐸 (e) and 1.5𝜎𝜌,𝐸 (f): mean (red line) and 95th percentile (blue area).
The standard deviation of the mass density and the elastic modulus are controlled by
the manufacturing tolerances that are associated with time and cost, i.e., the smaller the stan-
dard deviation, the higher the costs and the slower the process. Moreover, the material vari-
ability produces local resonance mistuning that enlarges the attenuation bandwidth, but de-
creases the attenuation intensity. Therefore, the estimation of the optimum standard deviation
(manufacturing tolerances) is useful to optimize the production costs and at the same time to
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guarantee the vibration attenuation robustness. In order to predict how much control on the
manufacturing process is needed, the MC simulation, which includes the KL analytic distri-
bution, the FE model and statistical analysis, can be performed by changing the material stan-
dard deviation used in the KL expansion. Thus, in Fig. 6.6(c-f), the MC procedure is applied
with fixed correlation length (𝑏 = 0.22𝐿). The statistics of the dynamic response is shown
for 𝜎𝜌,𝐸 = [0.5, 0.75, 1.0, 1.5]?̃?𝜌,𝐸 , where ?̃?𝜌,𝐸 is the measured standard deviation for mass
density and elastic modulus of the cube specimens (see 6.6) and the local resonance mistuning
increases with 𝜎, which corresponds to the disorder degree. It can be noticed that the vibration
attenuation is guarantee until 𝜎 = ?̃?𝜌,𝐸 , where the larger attenuation bandwidth with the smaller
attenuation is observed. For 𝜎 > ?̃?𝜌,𝐸 , the metamaterial with resonance tuning fails because
resonance frequencies can appear between the attenuation zones, similarly to the deterministic
linear distributions for 𝛼 > ?̃?. For the case investigated in this work, the tolerances are within
the acceptably limit, and any increase would negatively affect the attenuation performance.
6.3.2 Phononic undulated beam
In this section, similar analyze from previous sections are performed on an undulated
beam that behaves as a phononic crystal. Different dynamic behavior and attenuation perfor-
mance by breaking the periodicity are expected because the physics involved on the band gap
formation of phononic structures (wave coupling and Bragg scattering mechanisms) is distinct
from the metastructures (local resonance mechanism).
(a) (b)
Figure 6.7: (a) Band structure for the phononic undulated beam with wave modes related to
vertical bending 1 (red), vertical bending 2 (blue), lateral bending 1 (cian), lateral bending 2
(green), longitudinal (yellow) and torsional (black) motion: propagating component (positive
axis) and evanescent component (negative axis) of the wavenumbers. (b) Dynamic response
for a finite uniform phononic structure with 15 unit cells; the force is applied in the vertical
direction at one end and the displacement is measured in the vertical direction at the other end,
free-free boundary conditions are considered.
The band structure for the phononic undulated beam with six branches is shown in Fig.
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6.7(a). Again, the lines correspond to vertical and lateral bending waves with two branches each,
and, torsional and longitudinal waves with one branch each. The longitudinal-vertical bending
wave coupling is responsible for the opening of the band gap around 6500 Hz; another band gap
also opens around 6500 Hz because of the coupling between the rotational (torsion-bending)
waves. Moreover, the complex waves, which are coupled, have the same real part and group
velocity and do not propagate inside the band gap. Partial band gaps also appear in the vertical
bending (displacement and rotation) waves where the aliasing of the propagating component
is observed. The corresponding band gaps can also be visualized at the imaginary part of the
band structure, which corresponds to wave attenuation; in addition, the evanescent component
has a semicircle shape because of the wave coupling and Bragg scattering effect. The dynamic
response of the periodic undulated beam is shown in Fig. 6.7(b), where a vibration attenua-
tion zone is noticed on the vertical motion (the attenuation at the same frequencies occurs for
the longitudinal motion) which characterizes the band gap due to longitudinal-vertical bending
wave coupling.
Similarly to the previous case, the experimental investigations were performed using ten
phononic structure samples. Given that actual printed samples of the undulated beams were not
available, we have used the material property distributions measured for the metamaterial beam
to numerically generate virtual samples using an FE model.
The vibration attenuation performance with the breaking the periodicity is investigated
using four selected samples, namely PH1 to PH4, for which the dynamic responses are plotted
in Fig. 6.8(a-d), where the corresponding spatial distribution of elastic modulus and band gap
limits for each unit cell are shown in green and blue lines in the small plots, respectively. The
vibration attenuation bandwidth for the PH1 sample (almost constant properties) is narrower
(∆𝑓 ≈ 2215 Hz) and deeper; however, for the PH2 sample, where the distribution is simi-
lar to a sine function, two attenuation zones appear: the first with almost the same bandwidth
(∆𝑓 ≈ 2580 Hz) and intensity and the second at higher frequencies. It seems that the double
sine modulation (geometry and material) opens another band gap. The other two samples, PH3
(∆𝑓 ≈ 3460 Hz) and PH4 (∆𝑓 ≈ 3050 Hz), have an analogous dynamic behavior because of the
similar distributions with high variability. In these samples, although the attenuation intensity
is much smaller and can not be observed clearly, the unit cell disorder mitigates the resonance
peaks around the coupling frequency producing small semicircle profiles inside the attenuation
zone. In addition, by comparing the high variability case (PH3) to the homogeneous case (PH1),
the bandwidth increases around 55%. However, this enlargement is smaller than what was ob-
served for the metamaterial case (up to 80%) and the peaks around the homogeneous band gap
limits are not significantly attenuated by the mistuning/disorder. Differently from the metama-
terial configuration, where the material distribution shape is highly correlated to the attenuation
behavior, for the undulated beam the attenuation performance seems to be more influenced by





Figure 6.8: Dynamic response for the phononic beam cases: PH1 (a), PH2 (b), PH3 (c) and PH4
(d). Legend: numerical simulation with FE model (black), experimental spatial distribution of
elastic modulus (green) and band gap limits for each unit cell (green).
By breaking the periodicity, the extensional-bending wave coupling is not perfect, which
promotes multiples reflections around the fundamental interference frequency where the band
gap opens. In Fig. 6.9(a-b), the displacement amplitude as a function of space and frequency
for the PH1 and PH4 are plotted. The excitation is given at the end named unit cell 0. A clear
attenuation in space with well defined boundaries is observed for the PH1. However, for the
PH4, some peaks appear inside the band gap limits, which may be due to vibration localization.
Moreover, the peaks around the band gap are also mitigated in space because the beginning
of the structure does not undergo attenuation, while the last part does. The band gap tailoring
can be observed in Fig. 6.8(d). It produces a wave trapping. In Fig. 6.9(e) the displacement
amplitude is plotted for the second resonance frequency after the band gap. It can be noticed
that for PH4, the vibration is trapped between the excitation end (unit cell 0) and unit cell 10,
while for PH1 all the structure vibrates. By inverting the excitation, which is placed at the end
named unit cell 15, the displacement as a function of space and frequency for the PH1 and PH4
are plotted in Fig. 6.9(c-d). Almost the same displacement patterns are observed for the PH1,





Figure 6.9: Displacement amplitude as a function of space-frequency for the cases: PH1 (a,
c) and PH4 (b, d). Observation of wave trapping by comparing the spatial displacement for
the second vibration mode after the band gap (e-f): case PH1 (blue) and case PH4 (red). The
excitation locations at unit cell 0 (a, b, e) and unit cell 15 (b, d, f).
there is no wave trapping and only attenuation is observed for the same excitation frequency,
Fig. 6.9(f). In addition, with the excitation inversion, almost the same displacement patterns
are noticed for the PH1 case, Fig. 6.9(e-f). Therefore, despite the reciprocity of the dynamic
response, the attenuation pattern inside of quasiperiodic structure depends on the excitation
end. Depending on the excitation end choice, waves will be trapped in the structure, which may
lead a significant vibration or acoustic radiation even with vibration attenuation between the
excitation and measuring points.
In order to understand how the disorder in one undulated beam sample affects the at-
tenuation performance, a linear distribution of the elastic modulus is considered as 𝐸(𝑛) =
𝐸0[1 + 𝛼(𝑛 𝑙𝑎 − 𝐿/2)], where 𝛼 has a meaning of disorder/aperiodicity degree. The response
amplitude as a function of 𝛼 is plotted in Fig. 6.10(a). The attenuation bandwidth is narrow




Figure 6.10: Parametric analysis in the phononic structure with 15 unit cells for linear distribu-
tion (a) (excitation at cell 0 and measurement at cell 15), spatial distribution for 𝛼 = 0.3 (b)
(excitation at cell 0); the colors represent the displacement amplitude in dB. Spatial displace-
ment distribution for excitation at cell 0 (blue) and at cell 15 (red) for 𝛼 = 0.3 (c).
(?̃? ≈ 0.3 with ∆𝑓 ≈ 3590 Hz) and for 𝛼 > ?̃?, decreases because the band gap superposition
between the cells is not enough to mitigate the vibration peaks which degrade the attenuation
performance. By increasing the disorder degree, the peaks around the band gap are mitigated,
specially at the lower and upper limits, which explains the increasing bandwidth. In Fig. 6.10(c)
is shown the displacement amplitude and band gap changing, respectively, as a function of space
for 𝛼 = 0.3. The vibration is firstly confined to the first 5 unit cells, it is attenuated through the
band gap that decreases its amplitude between unit cells 7-12. Differently from the metastruc-
ture, a clear reflection interface between propagating and attenuating zones is not observed;
therefore, it is more difficult to tune the trapping wave in space.
Ensemble statistics
The dynamic response is now investigated considering the ensemble of virtual phononic
undulated beam samples. As in the metamaterial case, the mean, 5th and 95th percentiles are
calculated by considering spatially correlated material properties. The Monte Carlo simulation,
using the spatial distributions generated using the KL expansion of a Gamma distributed ho-
mogeneous random field with correlation length (𝑏 = 0.22𝐿) as input to an FE model of the
undulated beam, is used and statistical convergence is achieved under 250 samples. The dy-
namic responses statistics by using virtual and numerical beam samples are presented in Fig.
6.11(a-b). The good agreement shows that the correlation length used as well as the standard de-
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viations have been well estimated using the 10 experimental spatial distributions of the material
properties of the metamaterial beams. Only a small divergence on the mean at the attenuation
zone is observed, which can be caused by the small number of experimental distributions used.
The undulated beam is robust to high material property variations (the standard deviation is
around 18% for the elastic modulus) even in high frequencies where a large and deep vibra-
tion attenuation that is related to geometric modulation is observed. Again, producing phononic
structures by additive manufacturing seems feasible; however, a narrow tolerance control must
be necessary because the band gap opens in high frequencies (due to wave coupling or Bragg
scattering), where the dynamic response is more affected by the variability (Fabro et al., 2015).
As pointed out before, the standard deviation is related to production costs and affects the atten-
uation performance, and hence it is necessary to evaluate optimal tolerances. The statistics of
the dynamic response amplitude are obtained from MC sampling by varying the standard devi-
ation of the material distribution for a fixed correlation length (𝑏 = 0.22𝐿). In Fig. 6.11(b), the
percentiles are plotted for 𝜎𝜌,𝐸 = 0.5𝑝?̄?𝜌,𝐸 where 𝑝 = {1, ..., 4} and ?̄?𝜌,𝐸 is the standard devia-
tion of measuring mass density and elastic modulus. Herein, 𝜎𝜌,𝐸 has the meaning of disorder
or mistuning degree, the optimal attenuation with low costs happens for ̃︀𝜎𝜌,𝐸 = 1.5?̄?𝜌,𝐸 , where
the bandwidth is larger with a small attenuation. For 𝜎𝜌,𝐸 > ̃︀𝜎𝜌,𝐸 , the attenuation is not guar-
anteed because any mistuning at the wave coupling between the unit cells will close the band
gap and will produce vibration modes, as in the linear distribution case for 𝛼 > ?̃?. Therefore,
as in the metastructure case, the material variability is desired until a limit, after this limit the
disorder affects the attenuation performance. However, differently from the metamaterial beam,
the undulated beam supports a high level of material variability (1.5?̄?𝜌,𝐸 for undulated beam
against 0.75?̄?𝜌,𝐸 for metamaterial beam) even though its band gap opens in higher frequencies.
6.4 Conclusion
In summary, the numerical and experimental dynamic behavior of several quasiperiodic
phononic and metamaterial beams constructed in 3D printers or simulated using measured mate-
rial property variations was investigated by using deterministic and stochastic approaches. The
manufacturing process induces material property variability with spatially correlated random
distributions, which can enlarge or annihilate the band gap attenuation bandwidth, depending
on the level of disorder. It can also lead to wave trapping, or localization phenomena. Moreover,
it is shown that the vibration pattern is not forward and backward symmetric in quasiperiodic
structures. A brief discussion about the symmetry in the dynamic response and the asymmetry
in the transmissibility was provided.
A high correlation between bandwidth widening and material distribution with high vari-
ability was observed. The attenuation performance in metastructures is related to shape and
variance of the material distributions, while for the undulated beams the attenuation perfor-





Figure 6.11: Statistics of the dynamic response amplitude for the undulated beam samples: mean
(a) 5th and 95th percentiles (b) by using the virtual samples (red) and Monte Carlo simulation
(blue); and all of the Monte Carlo samples by varying the material standard deviation for 𝜎𝜌,𝐸
(c), 0.5𝜎𝜌,𝐸 (d), 1.5𝜎𝜌,𝐸 (e) and 2𝜎𝜌,𝐸 (f): mean (red line) and 95th percentile (blue area).
phenomenon due to spatially correlated distributions, which is not observed in uncorrelated spa-
tial distribution models, is reported. The optimum bandwidth and the attenuation annihilation
are numerically observed in a deterministic linear distribution by changing the disorder degree.
In this same analysis a wave trapping phenomenon with linear spatial tuning was observed for
the metastructure case, which can be further explored for energy harvesting at low frequencies.
By considering the ensemble of metamaterial and phononic beams, the vibration attenua-
tion is robust to material variation. However, the metastructures, even though the band gaps are
at lower frequencies than the band gaps pf the undulated beams, have been shown to be more
sensitive to variability, losing attenuation performace. This is mostly related to the fact that the
band gap formation in the undulated beams is due to a geometric feature.
The experimental dynamic response statistics were compared to MC simulation and the
good agreement validates the analytic estimation of material properties by KL expansion. Then,
a variation of standard deviation is used to find the variability limits that satisfy the attenuation
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performance and minimize the production costs. To the best of the authors knowledge, this
stochastic treatment for metamaterials and phononic structures was nonexistent or limited in
the literature.
Finally, it as shown that the control of the disorder may be required to avoid undesired
wave propagation effects in several applications that are either still at the research level or al-
ready industrial applications (e.g., acoustic and vibration barriers may not present the minimum
attenuation quality due to implementation/construction variability).
6.5 Appendix A: Methods
6.5.1 FE unit cell modeling
The equations of motion for the 𝑛𝑡ℎ FE unit cell described in frequency domain is Dq̂ =
f̂ , where q̂ is the discrete displacement/rotation vector composed by all degrees of freedom
and f̂ is the vector of correspondent external efforts. The dynamic stiffness matrix is given by
D = K− 𝜔2M, where 𝜔 is the angular frequency, M is the mass matrix and K is the stiffness
matrix. In addition, the structural damping, 𝜂, is modeled as a complex term of the stiffness
matrix, K = K(1 + i𝜂). In this work, M and K matrices are extracted from the software
Ansys® and the mesh respects 10 elements per wavelength in order to accurately represents
numerically the wave phenomena. Timoshenko beam elements BEAM188, which present two
nodes and six degrees of freedom per node, was used to model the one-dimensional phononic
and metamaterial unit cells.
6.5.2 Complex free wave propagation along a period structure
If no external forces are applied on interior (I) degrees of freedom (DOFs) of the unit
cell, f̂I = 0, these DOFs can be related to the left (L) and right (R) interface DOFs by q̂I =
−D−1II (DILq̂L + DIRq̂R) (Mace et al., 2005b) and a condensate dynamic stiffness matrix is











where ̃︀DBB = DBB −DBID−1II DIB, with B = [L R]. By assuming the periodic structure free of
external forces, the compatibility of displacements as well as the equilibrium of internal forces







addition, the state vector of two consecutive identical interfaces can be related by a transfer
matrix which is written in terms of the condensed dynamic stiffness matrix as



























Because of the periodicity, the Bloch’s theorem can be applied to relate the state vectors of
two consecutive interfaces, u(𝑛+1) = 𝜆u(𝑛), where 𝜆𝑗 is the propagation constant 𝜆𝑗 = 𝑒−i𝑘𝑗Δ
and 𝑘𝑗 is the wavenumber. Therefore, the eigenvalue problem in Eq. (6.2) becomes
T𝜑𝑗 = 𝜆𝑗𝜑𝑗, (6.3)
The previous eigenproblem provides 2?̃? eigensolutions, where ?̃? corresponds to the num-
ber of DOF associated with each interface. While the eigenvalues (𝜆𝑗) are associated to phase
change or/and attenuation along the structure length, the eigenvectors or wave mode shapes
(𝜑𝑗) indicate the spatial distribution of the displacements and forces on the cross section Mace
et al., 2005b. Because the symmetry in space-time is preserved, the wave modes appear in
pairs (𝜆𝑗 , 𝜑𝑗) and (𝜆⋆𝑗 , 𝜑
⋆
𝑗 ), which are related to the right-going and left-going waves, respec-
tively, with |𝜆𝑗| < 1 and |𝜆⋆𝑗 | > 1. Finally, tracking the wave modes in frequency is crucial to
understand the wave propagation behaviour once that transfer matrix method provides eigenso-
lutions at discrete frequencies; by considering two sequential angular frequencies closer each


















where (.)𝐻 is the conjugate transpose.
6.5.3 Dynamic response
The dynamic behavior of finite structures is computed after the assembly of the global
matrices (MG and KG) as well as by imposing external forces (FG) and boundary conditions at









𝒜 is the finite element assembly operator, moreover Mj and Kj are, respectively, the mass
and stiffness matrices of the unit cell. Therefore, the displacements are achieved by solving the
linear system UG = (KG − 𝜔2MG)−1FG.
6.5.4 Karhunem-Loeve (KL) expansion
A random field 𝐻(𝑥,𝑝) can be defined as a collection of random variables indexed by a
continuous parameter 𝑥 ∈ 𝐷, where D describes the system domain. In other words, for a given
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position 𝑥0, 𝐻(𝑥0,𝑝) is a random variable, and for a given outcome 𝑝, 𝐻(𝑥,𝑝) is a realization
of the field. Amongst the methods available in the literature for generating random fields (e.g.
Stefanou (2009)), the KL expansion is a special case of series expansion using random vari-
ables and deterministic spatial functions which are orthogonal and derived from the covariance
function. A homogeneous random field with a finite, symmetric and positive definite covari-
ance function, defined over a domain, has a spectral decomposition in the generalized series
(Ghanem and Spanos, 2012)





where 𝐻0 is the random field mean value, 𝑋𝑗 are uncorrelated random variables, 𝑙𝑗 and 𝑓𝑗(𝑥)
are eigenvalues and eigenfunctions, solutions of the Fredholm integral equation of the second
kind from the covariance function (Ghanem and Spanos, 2012) and the 𝑝 dependence has been
omitted. The eigenvalues and eigenfunctions can be ordered in descending order of magnitude
of the eigenvalues to truncate the series in Eq. 6.5 to a finite number of terms𝑁KL, chosen by the
accuracy of the series in representing the covariance function, rather than the number of random
variables (Huang et al., 2001). As a rule of thumb, 𝑁KL can be chosen such that 𝑙𝑗/𝑙1 < 0.1,
and it depends on the correlation length of the random field. The longer the correlation length
the more rapidly the eigenvalues decrease, meaning that fewer terms are needed to accurately
represent the series.
If 𝐻(𝑥) is a Gaussian random field, 𝑋𝑗 are always independent zero mean unit standard
deviation Gaussian random variables. However, if the random field is not Gaussian it is not
possible to use the KL expansion to directly generate a 𝐻(𝑥) because 𝑋𝑗 have unknown joint
PDF. Some approaches have been propose to overcome this issue, amongst them an iterative
scheme (Phoon et al., 2002; Phoon et al., 2005), which uses directly the KL expansion and
can simulate both stationary and non-stationary random fields. Moreover, if the target CDF is
approximately Gaussian, only one iteration might be enough to achieve convergence. In general,
the eigenproblem can only be solved numerically and normally involves some procedure for
discretizing the random field (Betz et al., 2014; Stefanou, 2009). However, for some families
of correlation functions and specific geometries, there exist analytical solutions of this integral
equation (Ghanem and Spanos, 2012).
For Monte Carlo analysis the material properties of the unit cell (𝜉 = 𝐸, 𝜌, 𝜈) were
chosen to be randomly varying according to a random field, i.e., 𝜉(𝑥) = 𝐻(𝑥), where 𝐻(𝑥) is a
Gamma distributed homogeneous random field with correlation function given by
𝐶(𝜏) = 𝑒−|𝜏 |/𝑏, (6.6)
where 𝜏 is lag or the distance between any two points in the random field, 𝑏 is the correlation
length. Then, an analytical solution for Eq. 6.5 is available (Ghanem and Spanos, 2012). The
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properties within each cell are constant, which is usually accurate for large correlation lengths
𝑏 > 0.6𝐿 (Li and Der Kiureghian, 1993), and given by 𝐻(𝑥𝑐), where 𝑥𝑐 is the center of each
cell.
The Gamma distribution is chosen according to a Maximum Entropy criterion
(Soize, 2017), that is very useful for stochastic modelling when no experimental data is avail-
able, and some physical assumptions can be made. In this case, the mean value 𝜉0 is know,
which is the nominal design model chosen for the material property. It is also know the its
is always positive non-zero, i.e. 0 < 𝜉(𝑥) < +∞, and also that ln(𝜉(𝑥)) < +∞. The latter
assumption ensures that the second order moment statistics of the response is finite. It can be
shown that the use of distributions not meeting these criteria, like the Gaussian or exponential
distribution, for instance, is not physically sound (Soize, 2017; M. Schevenels et al., 2004). The








𝑡𝑥−1𝑒−𝑡𝑑𝑡, 𝑥 > 0 is the Gamma function and the parameters of the distri-
bution are given by 𝑎0 = 1/𝛿2𝜉 and 𝑏0 = 𝜉0𝛿
2
𝜉 , where 𝛿𝜉 is the dispersion parameter. Equation
6.5 is used to simulate the non-Gaussian random field (Phoon et al., 2002; Phoon et al., 2005)
in which 𝑋𝑗 are firstly generated using Gamma independent random variables and the Latin
Hypercube Sampling (LHS) scheme as a stochastic solver (Rubinstein and Kroese, 2007).
6.5.5 Experimental set-up
The experimental variability was investigated by using ten metamaterial beam samples
constructed with polyamide using selective laser sintering (SLS), Fig. 6.12(a). Each metamate-
rial beam sample presents 15 unit cells; moreover, standard cube specimens of 20x20x20 mm,
were printed on the side of each unit cell to evaluate the material properties along the beam
length. Herein, it is assumed that the assembling composed by unit cell and cube specimen has
the same material properties and uniform distribution along the unit cell length.
The experimental dynamic responses of the metamaterial beams were obtained from im-
pact tests by using an impact hammer with force transducer PCB model 208A02 Piezotronics
to impose an impulse excitation at one end, a Laser Doppler Vibrometer from Polytec was used
to measure the velocity at the other end, and the LMS SCADAS system was used for data
acquisition and signal processing (see Fig. 6.12(b)) for the experimental setup of the impact
test). Approximated free-free boundary conditions were imposed by supporting the beam on
soft polyurethane foam. For the experimental material property estimation of the cube speci-
mens, non-destructive ultrasound tests were carried out by using 1 MHz shear wave transducers
models U8403072-U84403071 from Olympus to measure the travel time of longitudinal (𝑡𝑙)
and shear (𝑡𝑠) waves, and the Panametrics-NDT EPOCH 4 system for data acquisition and
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signal processing (see Fig. 6.12(c)) for the experimental setup of the ultrasound test). By as-
suming isotropic material, the travel times are related to Poisson’s coefficient, elastic modulus
and shear modulus by 𝜈 = [1 − 2(𝑉𝑠/𝑉𝑙)2] / [2 − 2(𝑉𝑠/𝑉𝑙)2], 𝐸 = 𝜌𝑉 2𝑙 (1 + 𝜈)(1− 2𝜈)/(1− 𝜈)
and 𝐺 = 𝜌𝑉 2𝑠 , respectively, where 𝑉𝑙 = ∆𝑥/𝑡𝑙 and 𝑉𝑠 = ∆𝑥/𝑡𝑠 are the longitudinal and shear
wave speed (Papadakis, 1998). The mass density of each cube specimen 𝜌 was computed by
𝜌 = 𝑚/(∆𝑥∆𝑦∆𝑧) in which the mass (𝑚) was measured in a precision mass balance while the
dimensions (∆𝑥,∆𝑦,∆𝑧) were measured with a digital caliper.
(a)
(b) (c)
Figure 6.12: Metamaterial beam with attached cube specimens constructed in SLS 3D printing
(a), experimental setup of the impact test (b) and experimental setup of the ultrasound test (c).
(a) (b)
(c) (d)
Figure 6.13: Experimental results for the cubes samples: mass density (a), elastic modulus (b),
Poisson coefficient (c) and volume (d); legend: mean (∘) and 95th percentile (x).
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6.6 Appendix B: Supplementary Results
The data that characterize the cube specimens are shown in Fig. 6.13(a-d). The mean of
mass density, elastic modulus and Poisson coefficient are, respectively, 741 kg/m3, 0.675 GPa
and 0.267; in addition, the standard deviation are, respectively, around 5%, 18.3% and 6.6%.
The volume of the cubes present variability around 0.8% with mean of 18.3 × 10−6 m3. The
geometric variability is insignificant in relation to the material property variability and, there-
fore, only the material uncertainty will be taken into account for the numerical computations
and analysis. This fact reveals that the 3D printing SLS machine is precise for the geometry, but
the temperature gradient inside the manufacturing chamber can produce a large variation of the
material properties, especially for the elastic modulus.
(a) (b)
(c) (d)
Figure 6.14: 𝐸-𝜌 scattering plot (a), estimation of correlation length for 𝐶(𝜏) function (b), KL
estimation for the mass density (c) and KL estimation for the elastic modulus (d).
By knowing the spatial distribution of material properties, the correlation function and
length can be estimated, which provides significant physical insights. The experimental mass
density and elastic modulus are highly correlated, as presented in scatter plot of Fig. 6.14(a), due
to the manufacturing process, they depend on a single parameter that is the porosity. Therefore,
the correlation function for mass density and elastic modulus are almost the same and by using
Eq. (6.6) as correlation function, the correlation length was estimated in 𝑏 = 0.22𝐿 (see Fig.
6.14(b)). Because the correlation length is larger than three times the unit cell length (𝑎/𝑏 ≈
3.3), the material properties inside the unit cell can be considered constant. The correlation




Figure 6.15: Dynamic response for the beam samples: experimental for the metastructures (a),
KL estimation + FE for the metastructures (b), experimental (experimental properties + FE
model) for the phononic structures (a) and KL estimation + FE for the phononic structures (b).
density, elastic modulus and Poisson coefficient were applied on the KL expansion of 6.5 to
estimate the analytic distribution of material properties as in Fig. 6.14(c-d).
Finally, the dynamic response of the metamaterial and phononic beam samples are shown





Following the thesis organization, this final chapter is also divided in two parts with a
general summary, main contributions and perspectives of future work. Moreover, a list of pub-
lications produced by this thesis is also provided.
7.1 Wave and dynamic analysis of rotating periodic structures
In this research topic – Chapters 2, 3 and 4, and the Appendices A, B and F – the gy-
roscopic effect or rotational speed influence on the wave propagation and vibration of circum-
ferential periodic structures was investigated. The problem was analyzed from the physical and
wave-based method perspectives.
In the SE method, the Floquet-Bloch conditions and spectral solutions are imposed on
differential governing equations of motion of simple structures in order to obtain the complex
eigensolutions for each angular frequency. Thus, the dynamic stiffness matrix is derived by us-
ing these complex waves, and the dynamic response is computed by imposing suitable boundary
conditions. This formulation was employed only for structures with forward and backward wave
propagation symmetry. The rotational speed, through the Coriolis acceleration (gyroscopic ef-
fect), breaks the wave propagation symmetry, which produces the bifurcation on the vibration
modes observed Campbell diagrams or in dynamic forced responses. By using these concepts,
in Chapter 2, an SE of the periodic flexible rotating ring in the Lagrangian reference system is
developed and validated with analytic equations and with the FE method. Besides, the rotating
effect in phononic crystals was studied. It was concluded that the rotation is a mechanism that
can open or annihilate the band gaps.
Appendix A is a complement of Chapter 2, as the band structures of the rotating phononic
crystal rings are shown. Moreover, in Appendix B, partial studies of acoustic radiation from
phononic crystals were presented. Coupling between SE of the structural behavior with bound-
ary elements of the external acoustic behavior was developed for the two-dimensional problem.
A formulation with strong coupling was presented through the flexible interface motion, which
can be used for heavy fluids such as water, where the fluid loading influences the dynamic be-
havior of the structure. It was concluded that for certain frequencies inside the structural band
gap, the acoustic radiation increases even with vibration attenuation in the structure.
An important contribution of this thesis was to investigate flexible rotating rings as a me-
chanical circulator for elastic waves, in Chapter 3. Circulators are devices used to control and
manipulate waves. By employing the time-reversal symmetry breaking they can create an uni-
directional switch in the ports, placed usually in each 120∘. Thus, with respect to the input port,
one output port can be isolated, while the other output port transmits the energy. Analogue de-
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vices applied to optic, electromagnetism and acoustic waves had been reported in the literature,
bu in this work, the mechanical counterpart, for elastic waves, is presented. The Zeeman’s atom
effect was related to the mechanical circulator by using the Campbell diagram. It was shown
that the nonreciprocity is due to the interaction between the gyroscopic effect with the structural
damping, which breaks the propagating and evanescent symmetry of the forward and backward
waves in the rotating ring. Analytic equations to predict the optimal rotational speed were also
presented. Moreover, the SE in an Eulerian coordinate system was developed, which allowed a
coupling with stationary waveguides as well as vibration power flow and energy density analyse.
The SE is useful to understand physical phenomena in simple structures. However, they
are limited to model complex unit cells. This limitation occurs because the SE is deduced by
imposing spectral analytic solutions to the governing equations of motion. However, for com-
plex unit cells, the search for analytic solutions is laborious or nonexistent, and the unit cell
modeling based on finite elements is preferable. This leads to the WFE method. However, the
previous works on WFE only had cases with symmetric wave propagation. Thus, in Chapter 4,
a WFE strategy to treat cases where the wave propagation symmetry is broken by gyroscopic
effects was proposed. In this proposed strategy, the eigenvalue problem of the periodic struc-
ture with rotational speed is projected on a well-regularized reduced symplectic basis without
rotational speed. The eigenvalue problem of the full matrices is computed only once (case with-
out rotation). Hence, the computational cost is significantly reduced when compared to other
WFE formulations such as (N,L). This strategy can be applied to efficiently perform numerical
parametric analyse, such as the Campbell diagram and uncertainty analysis.
Finally, in Appendix F, the main findings on Chapter 3 and Chapter 4 are discussed from
the rotordynamics point of view and one example of a rotating ring with attached resonators
(metamaterial) is shown.
The specific contributions are:
∙ Develop the SE formulation for elastic rotating rings in Lagrangian and Eulerian reference
systems, i.e, an SE approach for periodic structures with asymmetric wave propagation.
∙ Propose an WFE strategy based on a reduced wave projection for elastic rotating periodic
structures, where the regularization strategies were not possible due to propagating symmetry
breaking, i.e., WFE approach for periodic structures with asymmetric wave propagation, which
can also be used for parametric and uncertainty analysis with low computational cost.
∙ Analyze the time reversal symmetry breaking (because of the rotational speed) for homoge-
neous structures, which leads to a full asymmetric band structure, as well as a vibration mode
bifurcation on the dynamic response.
∙ Investigate the gyroscopic effect on the band gap behavior of phononic and metamaterial
rotating structures, which can promote nucleation and annihilation of the attenuation zones.
∙ Propose a mechanical circulator for elastic wave manipulation through the gyroscopic effect.
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Even though several advances were achieved from the physical and numerical points of
view, more investigations are needed to consolidate this knowledge. Therefore, some sugges-
tions for future work are given:
∙ Experimental investigation of the dynamic behavior (Campbell diagram) of rotating flexible
rings in Lagrangian and Eulerian reference systems.
∙ Experimental investigation of the band gap nucleation and annihilation in rotating phononic
crystals and metamaterials.
∙ Experimental investigation of the forward and backward asymmetric wave propagation.
∙ Construction of the mechanical circulator with experimental observation of the time-reversal
symmetry breaking.
∙ Application of the mechanical circulator solution in engineering problems.
∙ Use the WFE reduction-based strategy for uncertainties analysis of complex structures.
∙ Investigate the fluid-structure interaction in rotating rings with internal and external fluid.
7.2 Increasing the attenuation bandwidth and manipulating waves
A new matematerial solution with interconnected resonators was presented in Chapter 5.
The band gap of metamaterials with independent resonators is narrow and the phononic crystals
present large band gaps at high frequencies. Hence, for efficient engineering solutions is desir-
able to create large band gaps at low frequencies without increasing mass. The metamaterial
with interconnected resonators presents a tunable large attenuation bandwidth independently
of the unit cell length. This feature occurs because of the flexural-rotational wave coupling in
the resonator chain. In addition, for the plate with interconnected resonators, partial band gaps
in different frequencies which can be used to focus the bending energy in horizontal/vertical
or diagonal directions are observed. The FE method was employed to compute the band struc-
ture and the forced response because of its flexibility to analyze the wave propagation in two-
dimensional periodic structures. Moreover, the band structure for the metamaterial beam was
also obtained by the PWE method. Finally, experimental measurements performed in beams
printed in additive manufacturing validated the proposed physical mechanism.
The 3D printing technology has been used for manufacturing phononic crystals and meta-
materials because their complex geometry can be constructed in a simple and customized way.
However, as in every manufacturing processes, 3D printers produce samples with variability in
material and geometrical properties. In periodic structures, the variability affects the unit cell
properties in space, which influences the wave dispersion. Hence, it also affects the attenuation
and manipulation of sound and vibration waves. Therefore, some studies – Chapter 6, and Ap-
pendices C and E – were developed to understand how the uncertainties in the manufacturing
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process affect the performance of phononic crystals and metamaterials.
First, in Appendix C, the SE method and the Monte Carlo simulation are used to study
how the variability in 3D printers modify the attenuation performance of metamaterial beams
with resonators attached periodically. Initially, no spatial correlation for the distributions was
assumed. On other hand, the results clearly showed that the variability increases the attenuation
bandwidth, while the attenuation intensity decreases. Moreover, by performing experimental
tests, the SE model was validated and the functionality of the proposed design was verified.
Thus, in the work shown in Appendix D, the same metamaterial structure was numerically
investigated with the KL expansion and the WKB formulation. The KL expansion provides
random spatially correlated distributions, which is more realistic, and the WKB formulation
together with the wave-based approaches (SE in this case) saved computational time in the
stochastic analysis, when compared to the FE method. This work also showed the influence of
the correlation length on the vibration attenuation performance. In Appendix E, another step
forward in the numerical tools was given by using the KL expansion and WKB formulation to
performed the stochastic analysis of undulated beams with fluid-structure interaction modeled
by the WFE method. It was concluded that the material variability increases the bandwidth and
decreases the intensity of the attenuation zone.
Finally, in Chapter 6, the physical phenomena involved in quasiperiodic phononic and
metamaterial beams produced in 3D printers were investigated from the experimental and
numerical points of view. First, the beams were analyzed individually. A high correlation
between the attenuation performance behavior and the spatial material distributions are
observed. Moreover, the variability promotes the attenuation bandwidth widening and wave
trapping phenomena due to band gap tailoring. Thus, the beams were investigated as an
ensemble and the standard deviation limits were defined. The experimental measurements were
validated with Monte Carlo simulations where the material properties were estimated by the
KL expansion and the dynamic responses were computed by the FE method.
The specific contributions are:
∙ Propose a new configuration of metamaterial with interconnected resonators to enlarge the
bandwidth of the band gap.
∙ Use the partial band gaps for vibration focalization in metamaterial plates.
∙ Validate the proposed band gap mechanism of interconnected resonators with experimental
results measured in models constructed with 3D printers.
∙ Observe experimentally the band gap variability in models constructed in additive manufac-
turing.
∙ Investigate the attenuation bandwidth widening and wave trapping phenomena in quasiperi-
odic metastructures and phononic structures with spatially correlated distributions.
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Some points can be better explored and are left as suggestion for future work:
∙ The experimental investigation of dynamic response and vibration focalization of the meta-
material plates with interconnected resonators.
∙ Extend the model with interconnected resonators for three-dimensions.
∙ Investigate the acoustic radiation of metamaterial plates.
∙ Develop WFE formulation that supports periodicity in two-dimensions, because of the high
computational cost to obtain the dynamic response using FE.
∙ Improve the beam models in Chapter 6 to understand the differences between experimental
measurements and numerical results at the optical branch frequencies.
∙ Develop a spectral element of the undulated beam.
∙ Investigate the variability influence on the acoustic radiation of structures with band gaps.
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